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SPACE GROUPS

Crystal pattern: infinite, idealized crystal structure (without
disorder, dislocations, impurities, etc.)

Space group G: The set of all symmetry operations (isometries)
of a crystal pattern

Translation subgroup T <] G: The infinite set of all translations
that are symmetry operations

of the crystal pattern

Point group of the The factor group of the space group
space groups P:: G with respect to the translation

subgroup T: Pc = G/H



SPACE-GROUP
REPRESENTATIONS



Irreducible representations of a
group induced from the irreps of
one of its normal subgroups

Method:

|. Construct all irreps of H

2. Distribute the irreps of H into orbits under G and
select a representative

3. Determine the little group for each representative

4. Find the small (allowed) irreps of the little group

5. Construct the irreps of G by induction from the
the small (allowed) irreps of the little group



Step |. TRANSLATION SUBGROUP IRREPS Tg<| G
Born-von Karman boundary condition
(I t)N = (I, N;) = (1, 0)

(I, Nt); Nt = (Nqity, Noto, N3t3)

homomorphic mapping

infinite Ta: {(1,0), (I,¢}, (1,2t),...,(I,Nt),(Il,(N+1)t), ...,(I,2N¢t), ...}

N

finite Ta: 1(10), (Lt, (1,20),...,(L(N- 1))

kernel ={(1,0), (I,Nt), (I,2N¢t),...}



Irreps of Translation group

. . cyclic groups
Finite Abelian groups { direct pI’OdUCt of

cyclic groups

A B —5 A XB
CEONES S YIS {(am b)) =)

l l |

Dp(am),p=0,1,...s-1 Da(bn), q=0,1,...,~-I DP(a™) ® Da(b")

e:z:p(—i%rm)g e:z:p(—i%rn)%
S

Dp.a(am, br)= exp(—i2 m)~ exp(—i2n n)g
S

p=0,1,...,s-1 q=0,1,..,r-1



IRREPS of Translational group

Translational subgroup: T

T=TI ® T2 ® T3= {(tik t2, tzm)}

Dp,q,r(tI k’ t2| 3m)= ! \\

exp(— szk)F exp(—i2wl) — exp( 227Tm
1 No

number of irreps:
P=O’ I ""’N | = I q=0’ I )"-’NZ' I r=0, I ,...,N3' I

dim Dprar(t|k t2l, t3m)=1I



IRREPS of Translational group

reciprocal space 2i.2%=2T10;
cciprocal sp L:a|,a2,a3 « > L*: a*|,a*2,a*3

K=(hi,hy,h3) | A%

| t |
I—(ql go q3) [(I t)] . _27”’((11’\] - g2 ’\2,) 43 7\/'3)

Niiqi/Ni

r(a1a2a3)[(1, t)] = MK[(I, t)] = exp —i(k t)

| TA conventions:

(k t)= (kikaks)a*| (a,azas) ti| = 211(ki,ka,k3) | T
a™ ty 2
a™3 t3 3




IRREPS of Translational group

unit cell of reciprocal space (fundamental region)

K'=k+K, K=hjaj*+hay*+hzaz*, KelL*

[ K=exp(-i(k+K)t)=exp-i(k.t)= [«
first Brillouin zone (Wigner-Seitz cell)
k| <|K-k|, vKeL*

crystallographic unit cell

0<|k|<|



R

k| <|K-k|, vKeL*

Wigner-Seitz
construction for
bcc lattice




Step 2. Classification of the irreps of the Translation
subgroup.

orbits of irreps of T (under the action of G)
He(l,e)= T (Ww) 1 (LE)(Ww)), (Le)eT, (Ww)eG

[<(1,€)= '« (LW-1t)=exp-i(k .(W-'t))=exp-i((k W-!).t)
kK'=kW+ K

little co-group of k: Gk

k= kW + K, KelL*

special and general

§k={|} Gk >{1}



Orbits of irreps of the Translation subgroup.

orbit of k
OM={T T¥,..., [k'= kW + K,WeG)

star of k: k* Gk f_ G
G=Gk+W, Gk+, +W, Gk

*={'=kWn+K, W, ¢Gk}

representation domain

exactly one k-vector from each star
(one irrep from each orbit of irreps of T)



Little group and Little-group irreps
(Allowed irreps of the little group)

Step 3. Little group Gk
Gk={(W,w)eG|We Gk }

Step 4. Allowed irreps of Gk
(Dki|T) = exp(-ikt)l

special case: general K-vector

star of K
little group of k 7

. ®
allowed irreps



Little-group irreps
\ (Allowed irreps of the little group) )

Step 4. Allowed irreps of Gk

1. K is a vector of the interior of the BZ
OR

2. GK is a symmorphic space group.

allowed irreps DK
Case |. ,

Here Dk is an irrep of GK



(" )
Little-group irreps

i (Allowed irreps of the little group) ;

1. K is a vector on the surface of the BZ
AND

2. GK is a nonsymmorphic space group.

allowed irreps DK

N . —k
D "’ projective (ray) irreps of G



Step 5. [ Induction procedure ]

Construction of the irreps of the space group G
by induction from the the small (allowed) irreps
of the little group Gk<G

(a) Decomposition of G relative to g«




e elements of the little group GK and the coset
representatives {qi,q2,...qs} of G relative to G¥ are
necessary for the construction of the induction matrix

| if qi-!(WV, € K
M(V\/,W)il:{ . 97 (Ww)q gk
0if gr'(Ww)q € G
0 I 0 0 dim M=s x s
0 0 I 0
I 0 0 0 :
monomial
0 0 0 I matrix
(Wi, w) | g | g | g7 (Wi, wi) | g7 (Wi, w)gg | M(Wy, wp)ij 70




(c) Matrices of the irreps D**™ of G:
D™ (W, wp)in, ju = M(W, wy);; D™
where (Wp, w,) = C]z-_1 (Wi, wy) g5

0 | 0 0
0 0 | 0
| 0 0 0 /
0 0 0 | v

All irreps of the space group G for a
given k vector are obtained considering
all allowed irreps of the little group gK
DK:™ obtained in step 3.

——————

WP’ ’&}P)U Vs



EXERCISES Problem 4.1

Consider the k-vectors 1'(000) and X (0%20) of the group P4mm

(i) Determine the little groups, the k-vector stars,
the number and the dimensions of the little-group irreps,
the number and the dimensions of the corresponding irreps
of the group P4dmm

(ii) Calculate a set of coset representatives of the
decomposition of the group P4mm with respect to the
little group of the k-vectors I'(000) and X, and construct
the corresponding full space group irreps of P4mm



international Tables for Crystallography (2006). Vol. A, Space group 99, pp. 382-383.

1
Pdmm C4,, 4dmm Tetragonal

No. 99 P4dmm Patterson symunetry P4/ mmm
L S + 4
0O ©O0
+O (- O ®-
4O O O O
ol ol
+ |+ |+
o0 0)(®;
+O OF +O It
+Q@ O- +Q O
OXO) O
+ + -+
Origin on <mm
Asymmetric unit D<r<!i 0<y<!l 0<z<1; v<y
Symmetry operations
1)1 )2 0.0,z (3) 4 0,0,z (4) 4 0,0.z
5) m x.0.z 6) m O0.vz (7) m x,%.z (8) m x,xz

General position

(3) y.x,z 4) yx,z

(1) x,yz Vi Z
Wz (7) v.X,z (8) v,x,z2

(2) x
(5) x,¥,z (6) X



5.5 Crystal class 4mm

5.5.1 Arithmetic crystal class 4mmP

Fig. 5.5.1.1 Diagram for arithmetic crystal class 4mmP
Pdmm — C}, (99) to Pdybe — C5, (106)
Reciprocal-space group (P4mm)*, No. 99 see Tab. 5.5.1.1
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EXERCISES Problem 4.2

Consider the k-vectors I'(000) and X (0720) of the group P4bm

(i) Determine the little groups, the k-vector stars,
the number and the dimensions of the little-group irreps,
the number and the dimensions of the corresponding irreps
of the group P4bm

(ii) Calculate a set of coset representatives of the
decomposition of the group P4bm with respect to the
little group of the k-vectors I'(000) and X, and construct
the corresponding full space group irreps of P4bm



dmm

Patterson sy1

2
P4dbm Cs
No. 100 P4bm
O
O
O+
Q
+©
O
O L
O+
Q
Originon41g
Asymmetric unit 0<x<:; 0<y<s 0<€z<]; y<:-x
Symmetry operations
(1) 1 (2) 2 0,0.z (3) 4 0,0.z 4) 4 0.0,z
(5)a x,:.z (6) b i,y.z (7) m x+3,%,2 8) g(5,:.0) xx.z

General position

(1) x,y,z
(5) x+3,+ 3,2

(3) ¥,x,z
(7N y+3,X+ 3,2

(2) x,y,z
6) X+ 3,5+ 3,2

4) y, %,z
®)y+3,x+13,2



5.5 Crystal class 4mm

5.5.1 Arithmetic crystal class 4mmP

Fig. 5.5.1.1 Diagram for arithmetic crystal class 4mmP
Pdmm — C}, (99) to Pdybe — CF, (106)

Reciprocal-space group (P4mm)*, No. 99 see Tab. 5.5.1.1
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EXERCISES Problem 4.3

Consider a general k-vector of a space group
G. Determine its little co-group, the k-vector
star. How many arms has its star! How many
full-group irreps will be induced and of what
dimension? Write down the matrix of the full-
group irrep of a general k-vector of a

translation.
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REPRESENTATIONS OF
CRYSTALLOGRAPHIC GROUPS

bilbao crystallographic server

Contact us About us Publications How to cite the serve

Space-group symmetry

Representations and Applications

lographi REPRES Space Groups Representations

server

ECM31-Oviedo Sa

Representations PG lIrreducible representations of the crystallographic Point Groups
Representations SG  Irreducible representations of the Space Groups

Get_irreps Irreps and order parameters in a space group-subgroup phase transition

Crystallography online: wo
use and applications of the s
of the Bilbao Crystallogra

Irreps and order parameters in a paramagnetic space group- magnetic

Get_mirreps subgroup phase transition

DIRPRO Direct Products of Space Group Irreducible Representations
20-21 August 20

Correlations relations between the irreducible representations of a

News:

POINT Point Group Tables
¢ New Article in Nature
07/2017- Bradlyn et al. "Topolll  SITESYM Site-symmetry induced representations of Space Groups
chemistry” Nature (2017). 547
COMPATIBILITY Compatibility relations between the irreducible representations of a
o New program: BANDRER RELATIONS space group
04/2017: Band representatons
Band represaniaions of Dout I\KCHANICAL "5 Decomposition of the mechanical representation into irreps

e New section: Double po
groups
o New program: DGI
04/2017: General posit
Space Groups

o New program:
DEDRECENTATIONG BDS

MAGNETIC REP. A Decomposition of the magnetic representation into irreps

Band representations and Elementary Band representations of Double

BANDREP A Space Groups




Bilbao Crystallographic Server

Databases of Representations

Representations of space and point groups

wave-vector data POINT
Brillouin zones character tables
representation domains multiplication tables
parameter ranges symmetrized products

Retrieval tools



h Bilbao Crystallographic Server
Database of

Representations ~ POINT |
of Point Groups

Point Group Tables of CGV(Gmm)

J
Character Table
Ce,(6MM) [ # 1112 |3 |6 M, M functions
Mult. -1111212|3 |3
group-subgroup
° A1 r1 1 1 1 1 1 1 z’x2+y2'22
relations
The Rotation Group D(L) A, Mot (11111 J,
L |2L+1 |A 1A, By 1B, |E, |E, 81 l'3 1110110111 |-1
0| 1 1
Point Subgroups 3 3 1 1 B2 r4 T -1 -1 1
Subgroup | Order | Index E F. 1212110110 |0 2 2
: - ; o[ 5 [1 1 [ 1 2 6 (x"-y“,xy)
mm al 7 |1 T 1 1[4 E, |M5|2]2]-1/1|0 |0 [ey)xzy2)d)
6 6 2
4 |1 9 |1 11112 |1
3m 6 2 [ List of irreducible representations in matrix form ]
5| 11 [1 11112 |2
3 3 4
6|13 |2 (1 (1[1]|2 |2
mm2 | 4 | 3 character tables
i - 7115 |2 (1 (1[1]2 |3 . .
s T 303 matrix representations
m 2 6 - -
T T o [19 [2[1]2]2]3]3 basis functions
10,21 |2 |12 |2 |4 |3




Bilbao Crystallographic Server
REPRESENTATIONS PG

Database of
Representations
of Point Groups

— — conjugacy
—— — . M | @ | @ | G | C | C | Cq classes
er the label of the irep indicaics the "reality” of the irrep: () for rea, ( 1) for pscudoreal and (0
GM1 A GM1 1 1 1 1 Cr: 1
Ig Matrix presentation Seitz Symbol @ [GN1(1) | ZM2(1) [GM3(D) |GM.(D) GM, B GM, 1 1 -1 1 Co: 200
- . 1
GM3; | 26 | GM3 1 -1 i I N
Do e C3: 47001
A GMgy E GM4 1 -1 - i
1 ( 5 1 0 ) 1 1 1 1 1 Ca: 4°pp1
P character tables
2 n - } 2001 1 1 -1 -1
L

matrix representations
- ‘reality’ of irreps

pairs of conjugated irreps

4 ( 0 L) . e GM3+GMa4




Reciprocal space groups
Brillouin zones <€ IT unit cells

Brillouin Zone Database

Crystallographic Approach

Representation domain

Wave-vector symmetry

~A
2 A,
Y :ZL ‘

G|t o
(ol A
Gl : 9
> :

; A
T.,-’."'""'":,'
k. D

Symmorphic space groups

Asymmetric unit

Wyckoff positions

The k-vector Typesuof Group 22 [F222]

k-vectar description Wyckoff Positian ITA description
comL*
Conventional-ITA ITA Coordinates
Label Primitive
GM 0,00 0,00 a 2 222 0,0,0
T 1,112.1:2 0.1.1 b 2 222 0,142,112
T, b | 2 22 1/2,0,0
z 12,120 0,01 c 2 222 0,0.122
Y 112,012 0,1.0 d 2 222 0,120
Y~Y, d | 2 222 1/2,0,1/2
SM 0,u,J ex 20,00 e | 4 2. #0,0:0 «x=<=sm,
U 1,9210,1/2va ex 2u,11 3 4 2. XL‘E.‘I.‘Z:O"—X‘fLC
U~-SM|-['SP."[3 T2] e 4 2 %00 1"2”0_5'”0 <Xx<12
SMISN =[GMT.] e | 4 2. x00:0<x<1/2
A U2,10210,U 8x 20,01 I 4 2. x012:0=x="a,
C 2,U, 11240 BX 20,10 I 4 2. x120:0=<x<c,

U

c-Z > a-Z + b-2



Brillouin zone Database

The k-vector Typesuof Group 22 [F222]

Brillouin zone

( Diagram for arithmetic crystal class 222F )

Example:
k:l
A A
v Ay = 2 _ I
1€ '
a ‘ H,
Hy
Go A
- s H
........... k
T ..‘.‘:‘....' ........ .)‘y ')
Et‘ D ..DO D —9 CO

c-Z < a-Z + b-2

b

G
P

|
p.

::Zg Ay

’ ‘/' N .
oy N
N
"

c-2 > a-2 + b-2




BILBAO CRYSTALLOGRAPHIC SERVER

Problem: Representations
O of stace groups REPRES

Space Group Number: Please, enter the sequential number of group as given in International Tables for
Crystallography, Vol. A or ( choose it |

99

“next




REPRES Iinlg to

database

» You can introduce the k-vector choosing one from the table:

CDML Wyckoff position
Choose one
A k-vector label Coordinates Multiplicity Letter
Option |
LD 0,0,u 1 a
VvV 1/2,1/2,u 1 b
W 0,1/2,u 2 c
C J.uv 4 d
k-VeCtO r B o,u,v 4 =
data F u,1/2,v 4 f
GP U,v,W 8 g

® Or you can introduce the k-vector coordinates, relative to the basis you have chosen, as any three
decimal numbers or fractionrs:

k vector data

A

Reciprocal basis primitive (CDML) v

Option 2

Coordinates kx | | kv | | kz |




REPRES

k-vector data: option |

CDML Wyckoff position
Choose one
k-vector label Coordinates Multiplicity Letter
a
C V 1/2,1/2,u 1 b
O W 0,1/2,u 2 C
O C u,u,v 4 d
O B O,u,v 4 e
O F u,1/2,v 4 f
O GP u,v,w 8 g
Choose one Label Coordinates (CDML)
O GM 0,0,0
O z 0,0,1/2
O LD 0,0,u
® LE 0,0,-u
u:

f reantiniia




REPRES

= Optional: If you wish to sec the full-group irreps for the generator check this [

= Optional: If you wish to change conventional (ITA) basis check this

1 0 o

Ratation 0 1 0
0 0 IE:

Origin shift 0 0 0

= Optional: If you wish to see the irreps for arvitrary space group element check this [

Rotational part Traslation
1 0 0 0
0 1 0 0
0 0 1 0

“continue )



output ]

" REPRES

Space-group data

tP

Space group G99 , number 99

Lattice type
Number of generators : 4

o OO

o O

o0

- OO

(= e o)

OO

-1 OO

o0

(==l Il o)

o oo

OO ™

OO

- OO

o

Number of elements

o O OoO

OO

- OO

oO- O

(=l o)

OO

-1 OO

o - 0O

(= Rl Il o)

o oo

O™

OO

- OO

o OO

OO

-1 OO

OO

(=l )

o oo

OO ™

OO

-1 OO

(o= Rl Bl e

OO ™

OO

- OO



[ REPRES: output j

[ k-vector and its star *k ]

K-vector X :
in primitive basis : 0.000 0.500 0.000
in standard dual basis : 0.000 0.500 0.000

The star of the k-vector has the following 2 arms :
0.000 0.500 0.000
0.500 0.000 0.000

Little group GX={(Wiwi)|Wik=k+K, (W,w) €G}

The little group of the k-vector has the following 4
elements as translation coset representatives :

1 2 3 4
1 0 O 0 -1 0 0O 0 1 0 0 0 -1 0 0 0
0O 1 0 0 0 -1 0 0 0 -1 0 0 0 1 0 0
0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0

The little group of the k-vector has 4 allowed irreps.
The matrices, corresponding to all of the little group elements are :

Irrep (X)(1) , dimension 1
1 2 3 4
(1.000, 0.0) (1.000, 0.0) (1.000, 0.0) (1.000, O

Irrep (X)(2) , dimension 1
1 2 3 q
(1.000, 0.0) (1.000, 0.0) (1.000,180.0) (1.000,180.0)



( Coset decomposition j [REPRES: output j

The space group has the following 2 elements as
coset representatives relative to the little group :

1 L GTOMqGraeGx

1 0 0 0 0 -1 0 0
0 1 0 0 1 0 0 0
0 0 1 0 0 0 1 0

[ Full-group irreps: Characters j
General position characters:
Gen Pos: 1 2
X1 (2.000, 0.0) (2.000, 0.0) (0.000, 0.0)
X2 (2.000, 0.0) (2.000, 0.0) (0.000, 0.0)
X4 (2.000, 0.0) (2.000,180.0) (0.000, 0.0)
X3 (2.000, 0.0) (2.000,180.0) (0.000, ©0.0)

( Physically-irreducible irreps )

Physically-irreducible representations:




Coset decomposition REPRES: output

The space group has the following 2 elements as
coset representatives relative to the little group :

G=GX+q,GX+...+qiGX

1 O
0 1
g 0

HFOON

0
0
0

o O
oo

0
0
0

O O

Full-group irreps: Induction procedure

Generator number 3

Induction matrix : Fu||-gI‘OUP induction small irrep
01 ' ° ‘
- Irrep matrix matrix

f *X’I S ed X,. k k oo
(12000, "0°0) D™ (WaW)mini = M(W,W)m,nDXi(WEwK);;
Block (2,1)
(1.000, 0.0)

Generator number 4
Induction matrix :
10
01

Block (1,1)
(1.000, 0.0)
Block (2,2)
(1.000, 0.0)

(WEwH)=(qm) (Wiw) s



EXERCISES Problem 4.4

(a) Obtain the irreps for the space group P4mm
for the k-vectors [ (000) and X(01/20) using
the program REPRES. Compare the results
with the solutions of Problem 4.1.

(b) Use the program REPRES for the derivation

of the irreps of a general k-vector of the group
P4mm and compare the results with the results

of Problem 6.3.



EXERCISES Problem 4.5

Obtain the irreps for the space group P4bm for
the k-vectors [ (000) and X(01/20) using the
program REPRES. Compare the results with
the solutions of Problem 4.2.



BILBAO CRYSTALLOGRAPHIC SERVER

Prolem: e ore REPRESENTATIONS SG

Irreducible representations of the Space Groups

h .

Represen:ations provides a set of irreducible
representations (or physically irreducible Irreducib e representations Submit
representations in a real basis) of a given Space

Group and a wave vector. Physically irreducible representations given in a real basis Submit

Reference. For more information about this program
see the following article:

» Ecoro et al. "Double crystallograshic groups and their
representations on the Bilbao Crystallographic Server" J.
of Appl. Cryst. (2017). 50, 1457-1477.
doi:10.1107/S1600576717011712

If you are using this program in the preparation of an
article, please cite the above reference.



INPUT " REPRESENTATIONS SG |

Irreducible representations of the Space Groups

_ List of non-equivalent k-vectors of the Space Group P4mm (N. 99)
The components are referred to the conventional basis

Representations provides a set of rreducible

representations of a given Space Group and a T e e Components in the
wave vector. conventional basis
(0,1/2,w)

O VM,A (1/2,112,w)

A C,SM,S (U,U,W)

A B,U,DT (O,V,W)

o FYT (u,1/2,w)

® GP,E.D (u,v,w)

Submit

List of non-equivalent k-vectors of the Space Group P4mm (No. 99)

The components are referred to the conventional basis

Components in the

Choose one k-vector label
conventional basis
[+ ] W (0,1/2,w)
O X (0,1/2,0)

o R (0,1/2,1/2)




| REPRESENTATIONS SG |

Irreducible representations of the Space Group P4mm (No. 99)

and wave vector k1=(0,1/2,0).

The matrices of the representations (the whole representation and the representation of the little group) with dimension smaller than 5 are given explicitly. When the
representation is larger than 5, only the non-zero elements are given using the following notation: (i;j)=x means that the (i,j) element of the matrix is x.

Matrices of the representations of the little group

Matrix presentation Seitz Symbol &

{1)t4,t2,t3}

{2001/0,0,0}

{mo10!0,0,0}

{m40p!0,0,0}

e ( k-vector and its star *k ]

k1=(0,1/2,0), k2=(1/2,0,0)




OUTPUT

Matrices of the representations of the group

- REPRESENTATIONS

SG

The number in parcrtheses after the laocel of the irep indicates the "~cality” of the irrep: (1) for recl, ( 1) for pseudorcal and (0) for complex representations.

Matrix presentation Seitz Symbol & "X4(1) "Xo(1) X3(1) "Ka(1)

1 0 S = :,ir::‘-._ 0 ! ei=t 0 Qir’ 0 ':.i:“ C

2 1 0 t2 {11t1,%2,t3} - - i -

:) : : T3 d e T . G [ o 0 o= - 0 217t
R woisoar | (1 (o) | (e | ()
j : :: C l001 P - L 1 ’ 0 -1 )
3 -1 0 0 o 1)
L U 0 U {4'0c1]0,0,0} .
) € 1 0 -1 ¢ J
'f 1o g -1 ) 0 -1 )
1 ¢ 1 0 L 1 ¢
1 ¢ 0 0 ( 1 0 ( -2 0 ( = ) 1 ¢ )
J -1 © U 0,0,0
1 ¢ 0 0 ) -2 0 1 0 -1 ¢
31 © 0 {My00/0,0,0 ( i ( ; ( )
7 o1 . 10010.0.9} 0 1 0 -1 0o -1 o 1 )



SUBDUCED SPACE-GROUP
REPRESENTATIONS



Problem: SUBDUCED space-group
representations

D(G):irrep of G-

{D(e), D(g2), D(g3),..., D(g),...,D(gn)}
v

{D(e), D(h2), D(h3), ...,.D(hm)}

S{D(G)H}S
—

()miDi(H)

Irreps
of H




Problem: Compatibility relations of small
(allowed) representations of
little groups of a space group G

k, Gk, Dk
Space group G { such that k'=k+0

¢, GK, DK
Subduction of little group irreps

in the limitdo— 0

Dki(Gk)| GK ~ D m; DKi(GK)

Correlations between characters

nki(gk) = >m; nlj(’(gk’) g'e GK
|



EXAMPLE P4/mmm

k-vector description

comL’
Wyckoff Position
Label Coefficients
GM 0,0,0 1 E] 4/mmm
Z 0,0,1/2 1 b 4/mmm
M 1/2,1/2,0 1 C 4/mmm
A 112,112,112 1 d 4/mmm
R 0,1/2,1/2 2 e mmm.
X 0,1/2,0 2 f mmm.
LD 0,0u 2 g 4mm
12,1/2,u 2 h 4mm
0,1/2,u 4 i 2mm.
SM u,u,0 4 j m.2m
S u,u,1/2 4 L m.2m
DT 0,u,0 4 I m2m.
U 0,u,1/2 4 m m2m.
Y u,1/2,0 4 n m2m.
T u,1/2,1/2 4 o} m2m.
D uv,0 8 p m..
E uv,1/2 8 o} m..
Cc u,u,v 8 r m
B O,uv 8 S m.
F u,1/2,v 8 t m
GP u,v,w 16 u 1

- -

BILBAO CRYSTALLOGRAPHIC SERVER

© bilbao crystallographic server Z 1+ - U1
Z 1+ = LD 1 Z1- = U2
Z1- = LD.4 c2r = U]
22- = U2
Z2+ = |D 2
Z3+ = U4
Z2- = LD 3
Z 3 = U3
Z 3+ = LD 4
24 —» U4
Z 3 = LD 1
24 = U3
2_4"‘ = LD_3 Z5 = U2+U3
Z4 = LD2 25 = U_1+U._4




[ EXAMPLE Electronic energy bands of Ge, Fd-3m (227) ]

k-vectar dascription ITA descriptian
Wyckoff position
k-vactor labsl Conventional basis
Multiplicity = Letter
GM 00 2 a
X 10 6 b
L 12112712 8 -
w 17W2,1.0 12 d
DT TR 12 2
LD u,uu 16 {
v ul10 24 a
SM (S) uul 24 n
qQ 112,1-u.u 48 i
A(B) v.u,D 43 J
CiJ) (AN 43 K
GP TRAT 96 |
6.0
4.0
2.0
0
2.0
0.2
4.0
6.0
-8 0

ENERGY (eV)

I A X
e

Compatibility Relations

GM;*(1)-DT4(1)
GM17(1)—DT4(1)
GM2"(1)—DTa(1)
GM5™(1)—DT3(1)
GM3+(2)—)DT1(1) ® DTo(1)
GMs(2)—DT3(1) ® DT4(1)
GM4*(3)=DT4(1) ® DT5(2)
GM4°(3)—DT4(1) ® DTs(2)
GM5"(3)»>DT3(1) ® DT5(2)
GM57(3)—»DT2(1) ® DT5(2)
GMg(2)—DT7(2)
GM7(2)—DTe(2)
GM3g(2)—DT7(2)
GMg(2)—DTg(2)
GM19(4)—DTg(2) © DT4(2)
GM11(4)—DTg(2) @ DT7(2)
X1(2)—DT4(1) ® DT3(1)
X2(2)—DTo(1) ® DT4(1)
X3(2)—DT5(2)
X4(2)-DT5(2)
Xs5(4)—DTg(2) ® DT7(2)




Problem: Correlations between

representations
of%pace groups CORREL

D(G): irrep of G

group G
e, 82,83 .., 880} {D(e), D(g2), D(g3),.... D(gi),-.. ,.D(gn)}
|/ / | v
{e, hy, h3, ...,hm} {D(e), D(h2), D(h3), ...,.D(hm)}
subgroup H<G {D(G){ H}: subduced rep of H<G
Subduction
S-{D(G){H}S irreps
—— of H

()miDi(H)




Correlations between representations
of space groups

Subduction of space group irreps

D*ei(GWH ~ (D) miD*wi(H)

Step |.Correlations between wave vectors

ka¥v H = 3 (*ka[ k) kn
"kH

Step 2. Correlations between characters

Nei(G) =5 (kailkn) Mk A(H)

*|(|-|j



BILBAO CRYSTALLOGRAPHIC SERVER

Problem: Correlation.s between
representations
of space groups

CORREL

Supergroup number: Please, enter the sequential number of group as given in
International Tables for Crystallography, VVol. A or choose it:

Subgroup number: Please, enter the sequential number of group &s given in
International Tables far Crysiafllography, Vol. A ar choose it: /\

99

Enter the transformation matrix below: A&C&)

L~
Rotational part ?\ﬁ Origin Shift
1 0 0 \$ 0

0 1 0 \ :
0 0 1 a
Reciprocal basis primitive (COML) -+
k vector data Coordinates k o k, s K, @

Label X

group G
subgroup H

transformation
matrix

k-vector
data



CORREL: OUTPUT data

K-vector X :
in primitive basis
in dual basis

0.000 0.500 0.000
0.000 0.500 0.000

The star *X has the following 3 arms :
0.000 0.500 0.000
0.500 0.000 0.000
0.000 0.000 0.500

The star *X of the supergroup splits the following way
*X -=> 1 *S1 + 1 *S2

Star *S1 = *( 0.000 0.500 0.000)

Star *S2 = *( 0.000 0.000 0.500)



. CORREL: OUTPUT data

Correlations between representations

D(G){ H}

Reduction : (*X)(1l) = 1(*S1)(1) + 1(*S2)(1)
Reduction : (*X)(2) = 1(*S1)(2) + 1(*S2)(2)
Reduction : (*X)(3) = 1(*S1)(3) + 1(*S2)(2)
Reduction : (*X)(4) = 1(*S1)(4) + 1(*S2)(1)
Reduction : (*X)(5) = 1(*S1)(1l) + 1(*S2)(3)



