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Representations of Groups

group G {$’ 82, 835 ++u» Sirer- 280}
0 \\
v |
D(G):rep of G {D(e), D(g2), D(g3),..., D(gi),... ,D(gn)}
D(gj): n x n matrices | =/
detD (g) %0 D(g)D(g)=D(gg)

dimension of representation

kernel of representation

Examples:

trivial (identity) representation

faithful representation



Homomorphism and Isomorphism

homenelRs 9e)(e)= 9(e &

Example 4mm  {| 4 2 41 m, my, m+, m.}

l \ )

-1} -1y S



EXERCISE 3.1a

-1,1

Determine the rest of
the matrices:

D(gi)D(g;)=D(gig)

2

Ill}.

0

{l

Two-dimensional faithful

representation of 4mm

0

0

2’ 4- I ) mX’ m)l, m+’ m—}
1| 0 ’
O I 1 2 4 4 Ymgm Tlhyy 7T
1 2 44 m,mym,m_
2 14 "4 mym_mym_
4412 1 mimym_m,
“l4 1 2 momymom,|
el mym_my 1 471 2 4
Mg my, 4 1 471 2
2 4 1 471




Vector space V(™ {v|, vy, .., Vi} Representation

isomorphic
G <«—mapping —> R

{e, 82, 83, cosy gk} Rg|g2=Rg| Rgz {Re, RgZ,---, ng}

Carrier spa;e of Reg V() = VY0) Pc-invariant
representation space

Revi=2 viD(8)ii j=I,..n

Basis vectors

Re{V1, V2, ..., Vo }={V1, V2, ..., Vn}D(g)

Matrix
representation Dc={D(e), D(g2),..., D(gw)}

homomorphic |
G<«— Rc mapping Ble



Equivalent Representations
of Groups

Given two reps of G:

D(G)=1D(g), g€ G}
D’(G)={D’(g|),g|EG} dim D(G)= dim D’(G)

equivalent representations D(G) ~ D(G)

if 3S: D@=5'D(S V &G

S: invertible matrix



Equivalent Representations
two sets of bases for V0
(el,e2es3) and (e'),e2,e'3)= (e|,ees3)P

two reps of G

Re(e1,e2,e3)=(e|,e2e3)D(g), geG
R (€'1,e'2,e'3) = (e',e'2,e'3) D'(g), geG
D(G) and D’(G) are equivalent, as:

R:; (€'1,e"2,e'3) = R;[(e|,e2,e3)P]
=(e|,e,e3)D(g)P
= (e’|,e"2,e’3)P-'D(g)P

D'(g)= P'D(g)F ge@



EXERCISE 3.1b 2-dim faithful representation of 4mm

In problem |a we consider a
representation of 4mm with respect
< " ’"/ to the basis {a,b} of the type

1.1 -1,1 b’
; _ [0]-] _ |-1]0
D(4)= 7,1 DPm)= T
x x Determine the matrices of the
4 2’ representation of 4mm with
X T respect to the new bases (a’,b’)
AN R eI
{, 4, 2, 4, my, my, m+y mj}

Oy

{a’,b’} = {a,b}P
¢ D’(g)= P-'D(g)P. geG




Reducible and Irreducible
Representations of Groups

reps of G: D(G)={D(g), gicG}
D(G) ~ D(G) D(G) =S'D(G)S

reducible and irreducible

=Di(G)
reps of G

D(G) if D(G) ~D'(G) =
reducible

D(G)~ miDi(G)®em2D2(G)®...emiDi(G)
69 miDi(G)




EXAMPLE Reducible rep of 4mm

{I, 4, 2, 4, my, my, m+ mj}

3 2

{00 1010 D(m-
y, mny(4)Oo_I Srn (m-)
o110 O| 110
D(G)~ Di(G)®D»(G)
D (4)=1I Di(m.)=-1I
D= [To] DA™=




Representations of Groups
Basic results

number and dimensions of irreps
number of irreps = number of conjugacy classes
order of G = > [dimDi(G)]?

great orthogonality theorem

irreps of G: D (G), D2(Q),
dim D(G)=d

> Di(g)i Dafgse = - O1Didi
8



EXAMPLE: Irreps of 222 Representations of Groups

|. Number and dimensions of the irreps of 222

-abelian group R
2. Irreps of 222 (€222 |
(2))2=(2i 2;)%=1
D,(222) | # 12,2, |2
[D(2)]2=D[(2i 2))]>=D(1)=1 z | Sy | “x
D(2)==1 A r1 11111 |1
B [ 4 |
irreps labels: 1 3 (11 [-1 -1 —
Mulliken labels:A,B,E,F or T B, M, 01]-1]1 |-
Bethe labels: I; AN




EXERCISES 3.2 Problems

|. Determine the number and dimensions of the irreps
of 4mm.What about the irreps of 422! And of 4/mmm!

[ NP 4 {e,4Z’4Z’ 2212)”2X’2+’2'}

2. Determine the number and dimensions of the irreps
of 3m.What about the irreps of 32? And of 3m!



CHARACTERS
OF

REPRESENTATIONS




Characters of Representations
Basic results

character ng) = trace[D(g)]zz D(g)ii
propertiess D (G) ~ D2(G)«—> ni(g)= N2(g), g€G
gl ~ 82 —> nl(g)z r]Z(g),gEG

Finite group G: r conjugacy classes {e}, {g2,..., 8k},....{Er, ...}
r irreducible representations Di(G)

upi(G)={upi(e), uoi(g2), .., UDI(gr)}
Character Table of G: ¢ x r matrix X=X(G)

rows: irrep labels (Mulliken, Bethe)
columns: conjugacy classes



Character Tables

Character Table of G: Op\822) | # |12, 12, 15|

r x ¥ matrix X=X(G)
Xij= ppi(g;)

B, [T, 11]-1[-11

orthogonality

| %
rows — Z Ni(g) Na(g) = SJp!
\GI\ g
columns > Ne(C)Ne(Ci) Gl = Bik
>

Additional data: order of the elements
length of conjugacy classes

basis functions



EXAMPLE [ Characters of Representations)

o/ N /SI}‘\

: . —
Character table of 422 x \{ l >1/

D,(422) | # ‘1 242 2h,[ 422:{e},{4,,4.}, {2:},{2y,2x},{2+,2.}
vt | -1 (2 [2 [N
— length of the
1111111 conjugacy classes
IRRREERER | .
[ T[4 [ | FOROWEE % Ni(g) N2g) = On
REIEIRE
’ |
220000 |columns -~ > Ne(CNG(Ci) [Cil = Bik
»

Mulliken Bethe



Exercise 3.3 Characters of Representations

Character table of 432
o ‘_, - ‘\ Y, class length : 3 6 8 6
{ 1/ element order | 1 2 2 3 4
g -2 HL 4 Ay 1 1 1 1 1
L Ao 1 1 -1 1 -1
V7 NN E 2 2 2?2 ? ?
,\.--4' VL ' > i 3 -1 -1 0 1
\ » T2 3 —1 1 0 —1
I K S
rows | —— 2 ni(g) Na(g) = On
G| ¢
| %
columns —— 2 N,(C)Np(CY Gl = Ok

G| p



[ Characters of Representations ]

reducible rep  D(G)~ miDi(G)em2D2(G)®...omiDi(G)
D miDi(G)

magic formula

irreducibility > N2 =
criteria ‘G‘



EXERCISE 3.4 Irreps of 222

Consider the group 222 Dyl222) | # 1112, |2, 2x:
and its irreps. A Ti1]1]1 |1
Show that the following matrices 1 [Ta1] 1] ]
form a representation of B, |Mpl1[-1]1 -1
222 (Dy) that is reducible: 8, |r,[1]4]4]1]
I 0 0 I
D(e)=D(2,)= ] | D(2x)=D(2y)= | X

Decompose the reducible representation into irreps of 222

Hint: Irreducibility criterion + magic formula

| | *
>EPR =1 mi=—>n@nig
Gl g G| g




DIRECT PRODUCT
OF

REPRESENTATIONS



Direct-product (Kronecker)
product of matrices

(A ® B)ikji =AiiBi

A [0 1 .
10

A®B_(OB (1,)3)

1B 0B

dim (A ® B) = dim(A) . dim(B)
tr( A @ B)=tr(A). tr(B)

(0 0 —1)

1 0 ()

\0 — 1 O)

0 0 0[]0 0 1)
0 0 0/|—-1 0 0
0 0 00 10
0 0 —1/0 0 0
1 0 0|0 00
0 -1 0|0 0 0




EXERCISE 3.5 Kronecker product

Calculate the Kronecker products A ® Band B ® A
of the following two matrices

What is the trace of the matrix A ® B ?
Andof B ® A ?



[ Direct product of representations J

{Di(e), Di(g2),...,Di(gn)} {D2(e), D2(g2),-.. ,D2(gn)}

Di® D, = {Di(e)®Dz(e) ,...Di(g)® D2(g) »---}
DX D2 irreps
—— of G
MDmiDi(G)
m = TI_ S1i() Na() Ni(e)

G| g



EXAMPLE Irreps of 4mm and their multiplication table
Di® Do~ miDi(G) N(D1 X D2)(g)= Ni(g) N2Ag)

| %
i 2 Ni(g) N2(g) Ni(g)

G| g
Multiplication Table
Cyldmm) # 1 2 4 m,  my Cpldmm)iAq Ay B, B E
A, A, A, B, B
Mult. 112 2 2 L i o) ) I
A A, A, B, B, E
4 111 1 1 B, . A1® -
A, T 1111 -1 B, Ay E
By ;111 1 -1 . |- (ArAsBiBy
B, M, 111 -1 1
. 4 BXB, ~ A,
E 2200 0

_ . E®E ~ADADB OB,



Direct-product groups

Let G| and G are two groups. The set of all pairs {(g1,22), g81€G,
2,€Gy} forms a group GiX) G, with respect to the product: (g1,22)

(8'1:82)= (8181, 8282).
The group G= G|XG; is called a direct-product group

Point group mm2 = {1,2001,M100,Mo10}
Gi={l,2001} G2={I,mio0}
GIX¥G, ={1.1, 2001.1, 1.M100, 2001M100=Mo10}

Centro-symmetrical groups
Gi: rotational groups G>={l,I} group of inversion
G ® {I,}=G+I.G;
{1,2001,M100,Mo10} @ {I,1}=

{1 1, 2001.1, M100.1,Mo10.1, 1.7, 2001_T, m100_1_,my_T}
{1,2001,M100,Mo10,1,Mo01,2100,2010}=2/m2/m2/m or MMM



Direct-product groups and
their representations

Direct-product groups

G ® Gy ={(g1,82), 81€GI, 226Gy}
(g81,82) (8'1,82)= (8181, 8282)

G ® {lI,1} group of inversion

Irreps of direct-product groups

G G > G o Oy
Voo |

D D> DX D2
{Di(e)® Da(e) ,...,Di(g)® Da(g) .-}



EXAMPLE lrreps of 222=2®2’

r Irreps of 2’

Irreps of 2

Irreps of 222




EXERCISE 3.6 Irreps of 4/mmm=422x |

Determine the character table of the group
4/mmm=422®1 from the character tables of

groups 422 and |

D,(422) | # 1|2 4|2, 2,/

Mult. |- (1]1]2(2]2]




{Representations of cyclic groups J

L\p—1
G=(9)={g,6° .g" .} TP(g") = eap(2mik)=—

g =€ p=1,....n

Point Group Tables of C6(6)

. Character Table
Point Group Tables of C (4) " .
4 C6(6) # Eleg" 3723 |6 functions
Character Table A l‘1 101 (1 (111 z,x2+y2,22,Jz
C) | # 1|24 |4 functions

2, 2 2
A (Ta1]1 11 ] zxt+y 2%
1 £ E 31| W (w21 |W W (x2-y2.xy)
B (My[1[1]-1]-1 x2y? xy 21w w1 WP | w g
r : : r 2 w -1 w2 -W
4 1 1 '1] 1J X XZ.VZ J J E o 1 -W (X,Y),(XZ,YZ),(J !J )
E r3 1 1 1J 1] (!Y)!( .Y )l( X’ y) 1 r6 1 -W W2 - W "W2 XYy

Examples: 1,2,3,4,6,T)



Representations of finite Abelian groups

. . cyclic groups
Finite Abelian groups { direct pI’OdUCt of

cyclic groups

A B —35 A XB
(a2ea} (b2 b {(ambr)} s

l l |

Dp(am),p=0,1,...s-1 Da(bn), q=0,1,...,~-I DP(a™) ® Da(b")

e:z:p(—i%rm)g e:z:p(—i%rn)%
S

Dpa(am, bn)= exp(—i2nm m)*~ exp(—i2m n)g
S

p=0,1,...,s-1 q=0,1,..,r-1



SUBDUCED
REPRESENTATIONS



SUBDUCED REPRESENTATION

D(G):irrep of G-

{D(e), D(g2), D(g3),..., D(g),...,D(gn)}
v

{D(e), D(h2), D(h3), ...,.D(hm)}

S{D(G)H}S
—

E}miDi(H)

Irreps
of H




EXERCISES Problem 3.7

Let E be the 2-dimensional irrep of 4mm:

4 — 0 —1 . — —1 0
{1 o)t 0 1 /°

1. Is the subduced representation E | 4 re-
ducible or irreducible 7

2. If reducible, decompose it into irreps of
4.

3. Determine the corresponding subduction
matrix S, defined by

S~ 1(E|l4)(h)S = &m; D'(h), he 4.



EXERCISES

Point Group Tables of C 4V(4mm)

Character Table

Problem 3.7

Point Group Tables of C 4(4)

Character Table

C,4) 2 4% |4 functions
A 101 (1] zx°22
B 11-1 (-1 x2-y2,xy
“T1-1 11 [ (xy), (xz J ,J
L 1145 |4 (x.y).(xz.yz),(J,.J,)

C, (4mm) 12 |4 |m |m, functions
Mult. 1111222
A, 11111 2.x2+y2. 22
A, 111 (1]-1 -1 J,
B, 101 (-1]1 |-1 x2-y?
B, 101 [-1]-1]1 Xy
E 2(-2(0 |0 |0 |(xy)(x2yz).(.J)




