
Summer School on
Mathematical Crystallography

3-7 June 2019, Nancy (France)

International Union of CrystallographyCommision on Mathematical
and Theoretical Crystallography



CRYSTAL-STRUCTURE RELATIONS

Gemma de la Flor Martin
Karlsruhe Institute of Technology



CRYSTAL-STRUCTURE RELATIONSHIPS

Symmetry relations between crystal structures

Structure relations

Structural pseudosymmetry
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You can access to the material of the workshop by:

You can need to download:

- StructureRelations.txt

CRYSTAL-STRUCTURE RELATIONSHIP

http://www.cryst.ehu.es/resources/nancy2019/

http://www.cryst.ehu.es/resources/nancy2019/


STRUCTURE RELATIONS

CRYSTAL-STRUCTURE RELATIONSHIP



Structure relations

- Family trees of group-subgroup relations
(Bärnighausen tree)

- Twinned crystals and antiphase domains

- Phase transitions

- Prediction of crystal-structure types

Symmetry relations using crystallographic group-subgroup relations

is a vaulable tool in crystal chemistry and physics.

Applications



Structure relations

Structural Relationship between two structures with
group-subgroup related symmetry groups G > H

High-symmetry phase: G

Low-symmetry phase: H

Reference description: (G)H

symmetry
reduction

Group-subgroup
relation G > H

Wyckoff positions 
splitting

affine
transformation

lattice deformation

atomic
displacement field

STRUCTURE
RELATIONS



Structure relations

STRUCTURE RELATIONS

http://www.cryst.ehu.es/cryst/rel.html

BaTiO3

http://www.cryst.ehu.es/cryst/rel.html


Structure relations

Pm-3m high-symmetry phase

Amm2 low-symmetry phase

(High-symmetry phase)
Amm2

Symmetry controlled mapping

Global distortion

Lattice deformation
Atomic displacement field



Structure relations



Exercise 3.5

Cristobalite phase transitions



Lead phosphate phase transition

Exercise 3.6



SYMMETRY RELATIONS BETWEEN
CRYSTAL STRUCTURES

BÄRNIGHAUSEN TREES



Symmetry relations between crystal structures

Bärnighausen Trees: Pyrite Structural Family

Aristotype

Basic structure

Hettotypes

Derivatie
structures

U. Mueller, Gargnano 2008



Module design of crystal symmetry relations

U. Mueller, Gargnano 2008

Bärninghausen Trees



Bärninghausen Trees

The family of structures
of the ReO3 type

U. Mueller, Gargnano 2008



Structural Relationship between two structures with group-subgroup
related symmetry groups G > H

STRUCTURE
RELATIONS

High-symmetry phase: G

Low-symmetry phase: H

Reference description: (G)H

symmetry
reduction

Group-subgroup
relation G > H

affine
transformation

lattice deformation

atomic displacement
field

atomic species
correspondence

scheme

Symmetry relations between crystal structures



Symmetry relations between crystal structures

Different atomic species



Hettotype of CsCl structure

#CuZn (CsCl type): Pm-3m
221
2.959 2.959 2.959 90. 90. 90.
2
Cu 1 1a 0.0 0.0 0.0
Zn 1 1b 0.5 0.5 0.5

#CoU type:I213
199
6.3557 6.3557 6.3557 90. 90. 90.
2
Co 1 8a 0.2940 0.2940 0.2940
U   1 8a 0.0347 0.0347 0.0347

Exercise 3.8

Show that the crystal structure of CoU maybe interpreted as a slightly

distorted CsCl (or b-brass, CuZn)-type structure. Using the structural data

in the Exercise Data file, characterize the structural relationship between

the CuZn structure and CoU structure.



Exercise 3.9

(a) Upon heating above 573 ºC the LT-quartz transforms to its HT

form. Set up the corresponding Bärnighausen tree that describes the

symmetry relations between the two quartz forms. Which additional

degree of freedom are present in the lower symmetry form? (The

crystal structures of HT-quartz and LT-quartz can be found in the

ExerciseData file.)

(b) Consider the structure data of AlPO4 listed in the ExerciseData

file. Describe its structural relationship to quartz and construct the

corresponding Bärnighausen tree.

Hint:

In order to find the structural relationship between quartz and AlPO4

consider the splitting of Si positions into two: one for Al and one for P.

HT-quartz and LT-quartz



STRUCTURAL PSEUDOSYMMETRY



Pseudosymmetry search

Search for a structure of space-group symmetry G supergroup of H, such that:

H      =     G   +

If the distortion is small enough, it can indicate a 
symmetry change at high temperature

small
(symmetry-breaking)

distortion

structure structure

phase transition

ri ri
0 ui



Pseudosymmetry search

 Prediction of phase

 Search for new ferroic materials

 Prediction of the symmetry and structure of some other phase of a 

material

 Detection of false symmetry assignment (overlooked symmetry)

 Space-group determination of theoretical determined structure (e.g. ab 

initio calculations)

 Determination of an optimised virtual parent structure (paraphrase) 

Applications



Pseudosymmetry search

Space-group symmetry G>H such that the initial structure can be 
described by the high-symmetry structure with tolerably small distortion

Initial structure of space-group symmetry H

search for a structure of

Initial
low-symmetry

phase

(Low-symmetry
phase)

high

Idealized
High-symmetry

phase

H HS

G < S 
relationship

affine
transformation

most similar 
configuration

symmetry
controlled
relationship

Lattice deformation
Atomic displacement field

GWyckoff positions 
schemes

global
distortion

of the pseudo-relation

PSEUDO Capillas et al. Z. Kristallogr. 226 (2011)



Any group – supergroup relation can be represented by a chain of minimal
supergroups

Pseudosymmetry search

If a structure of symmetry H is pseudosymmetric for a supergroup G,
it will be pseudosymmetric for all intermediate subgroups Zi

Capillas et al. Z. Kristallogr. 226 (2011)

The search for pseudosymmetry can be performed as a 

stepwise detection of pseudosymmetry for successive

minimal supergroups



Pseudosymmetry search

http://www.cryst.ehu.es/cryst/pseudosymmetry.htmlPSEUDO:

CIFs file

BCS format

PSEUDO is not applicable to structures with
order-disorder features in their distortion

http://www.cryst.ehu.es/cryst/pseudosymmetry.html


Pseudosymmetry search

Option 1

Tolerance [Å]

Search of maximal pseudosymmetry stepwise



Pseudosymmetry search

Option 2

Tolerance [Å]

Search among supergroups with fixed k-index



Pseudosymmetry search

Option 3

Tolerance [Å]

Search of pseudosymmetry for a specific supergroup



Pseudosymmetry search

Option 4

Tolerance [Å]



Analyse the structural pseudosymmetry of Pb2MgWO6

Option 1: Search of maximal pseudosymmetry stepwise ‘climbing’ via
minimal supergroups

#Exercise 2.4.10:Pb2MgWO6:Pseudo1
# Space Group ITA number
62
# Lattice parameters
11.4059 7.9440 5.6866 90.00 90.00 90.00
# Number of independent atoms in the asymmetric unit
8
# [atom type] [number] [WP] [x] [y] [z]
Pb    1   8d    0.1422 0.0032 0.7804                   
Mg   1   4c    0.3772 0.25 0.7519                     
W     1   4c    0.1161 0.25 0.2577                     
O     1   8d    0.1314 0.4907 0.2365                   
O     2   4c    0.0027 0.25 0.0133                     
O     3   4c    0.0103 0.25 0.4991                     
O     4   4c    0.237 0.25 -0.0153                     
O     5   4c    0.2491 0.25 0.4745

Exercise 3.11



Exercise 3.11  (ii)

Option 3: Search of structural pseudosymmetry with respect to  specific
supergroup

Pmmn

Immm

I4/mmm

Fm-3m

Pnma

(P,p)4

(P,p)3

(P,p)2

(P,p)1

Fm-3m

Pnma

(P,p)=(P,p)1(P,p)2(P,p)3(P,p)4

P=a-b,c,-1/2a-1/2b
p=1/2,1/4,1/4

(P,p)

Analyse the structural pseudosymmetry of Pb2MgWO6



Exercise 3.12

Analyse the structural pseudosymmetry of the virtual structure of C2221

(No. 20 ) symmetry stepwise, i.e. via the minimal supergroup Option 1 of

PSEUDO. Compare the results if different minimal-supergroup paths are

followed.



Ga under pressure

Exercise 3.13

Analyse the structural pseudosymmetry of the orthorhombic

phase Ga-II of Ga under pressure. (For the structure data, see the

Structure Data file.)

Hint: As a first step check the structural

pseudosymmetry with respect to an

isomorphic supergroup of index 13, specified

by the transformation matrix: a,b,13c, i.e.

first apply Option 3 of PSEUDO



SERCH FOR FERROELECTRIC
MATERIALS



Search for ferroelectrics

Two necessary conditions for a structure to be ferroelectric:

• Polar symmetry group (it should allow non-zero polarization)

• Pseudosymmetry with respect to a non-polar symmetry group
(the polar distortion should be small and “multistable”)



Search for ferroelectrics

grid for optimization

BaTiO3



Exercise 3.15

The compound NaSb3F10 whose room-temperature phase is polar, space

group P63, has been predicted to be ferroelectric. (For the structure data,

see the Structure Data file.) The symmetries P6322 and P63/mmc had

been proposed for two successive non-polar phases at high

temperature.

Applying the pseudosymmetry approach confirm the predictions for the

non-polar phases of NaSb3F10. Show that apart from P6322, there are

two more appropriate candidates for the intermediate phases between

the polar phase P63 and the non-polar one of maximal symmetry,

P63/mmc.

Non-polar phases of NaSb3F10


