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Summary

Crystal-structure descriptions

Symmetry databases of the Bilbao Crystallographic Server

Symmetry relations of space groups 

Crystal-structure relations



SYMMETRY DATABASES OF THE BILBAO
CRYSTALLOGRAPHIC SERVER 



www.cryst.ehu.es



Crystallographic databases

Group-subgroup

relations
Structural utilities

Representations of 

point and space groups

Solid-state applications



Subperiodic groups:    

o Frieze groups

o Rod groups

o Layer groups

Space groupsPlane groups

Point groups

Space groups

Crystallographic databases

International Tables for Crystallography



Magnetic groups

Brillouin zone database:

• Space groups
• Layer groups

MAGNDATA
Magnetic Structure 

Database

Double space 
groups

Crystallographic databases



Subperiodic groups:    

o Frieze groups

o Rod groups

o Layer groups

Space groupsPlane groups

Point groups

Space groups

Crystallographic databases

International Tables for Crystallography



SYMMETRY 

OPERATIONS

Crystallographic databases

GENERAL LAYOUT: LEFT-HAND PAGE



GENPOS

WYCKPOS

MAXSUB

SERIES

MINSUP

HKLCOND

GENERAL LAYOUT: RIGHT-HAND PAGE



www.cryst.ehu.es



Generators and General positions

Matrix-column

resentation

Geometric

interpretation



Generators and General positions

http://www.cryst.ehu.es/cryst/get_gen.htmlGENPOS

Space group 

number

http://www.cryst.ehu.es/cryst/get_gen.html
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Generators and General positions

http://www.cryst.ehu.es/cryst/get_gen.htmlGENPOS

Space group 

number

http://www.cryst.ehu.es/cryst/get_gen.html


Example GENPOS: Space group Pba2 (No. 32)

Space-group 

symmetry operations

General positions

matrix-column 

representation

short hand notation

ITA

data

Geometric interpretation

Seitz symbols



Wyckoff Position P4mm (No. 99)

Multiplicity

Wyckoff

letter

Site-symmetry

General positions

Special positions



Wyckoff Positions

http://www.cryst.ehu.es/cryst/get_wp.htmlWYCKPOS

http://www.cryst.ehu.es/cryst/get_wp.html


Wyckoff Positions
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Wyckoff Positions
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Wyckoff Positions
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Wyckoff Positions



Wyckoff Positions

1/2,y,1/4

2 x,1/4,1/4

Wyckoff Positions



Consider the space group P21/c (No. 14). The relation between the

General and Special position data of P1121/a (setting unique axis c) can

be obtained from the data P121/c1(setting unique axis b) applying the

transformation (a’,b’,c’)c = (a,b,c)bP, with P= c,a,b.

Use the retrieval tools GENPOS (generators and general positions) and

WYCKPOS (Wyckoff positions) for accessing the ITA data. Get the data

on general and special positions in different settings either by specifying

transformation matrices to new bases (Non-conventional Setting option),

or by selecting one of the settings of the monoclinic groups listed in ITA

(ITA Setting option).

Exercise 1.1

ITA-conventional setting of space groups



Use the retrieval tools GENPOS or Generators and General positions,

WYCKPOS (or Wyckoff positions) for accessing the space-group data on

the Bilbao Crystallographic Server. Get the data on general and special

positions in different settings either by specifying transformation matrices to

new bases, or by selecting one of the 530 settings of the monoclinic and

orthorhombic groups listed in ITA.

Consider the General position data of the space group Im-3m (No. 229).

Using the option Non-conventional setting obtain the matrix-column pairs of

the symmetry operations with respect to a primitive basis, applying the

transformation (a’,b’,c’) = 1/2(-a+b+c,a-b+c,a+b-c)

Exercise 1.2

Non-conventional setting of space groups



SYMMETRY RELATIONS 
OF SPACE GROUPS



Group-subgroup relations

o Possible low symmetry structures

o Domain structure analysis

o Prediction of new structures

o Possible high-symmetry structures

o Prediction of phase transitions

o Determination of prototype structures

Applications

Group-subgroup relations Group-supergroup relations



Subgroups types

H < G is called a translationengleiche subgroup if G and H have the same

group of translations, TH = TG and H belongs to a crystal class of lower

symmetry than G, PH < PG

H < G is called a klassengleiche subgroup, if G and H belong to the same

crystal class, PH = PG; therefore, H has fewer translations than G, TH < TG

H is called general subgroup of G, if TH < TG and PH < PG

Subgroup H < G  if H = {e, h1, h2,...,hk} ⊂ G and H satisfies the group axioms.

H is a maximal subgroup of G if NO intermediate subgroup 

Z exist such that: H < Z < G 

There are three subgroup types:



Maximal subgroups of space groups

http://www.cryst.ehu.es/cryst/maxsub.htmlMAXSUB

space group

Default settings 

of the space groups

static databases

http://www.cryst.ehu.es/cryst/maxsub.html


Maximal subgroups of space groups



Maximal subgroups of space groups



Maximal subgroups of space groups

International Tables for Crystallography, Vol. A1
ed. H. Wondratschek, U. Mueller



Exercise 2.1

(a) The retrieval tool MAXSUB gives an access to the database

on maximal subgroups of space groups as listed in ITA1.

Determine the maximal subgroups of the group P4mm (No. 99)

using the program MAXSUB.

(b) Use the program SERIES and determine the isomorphic

subgroups of the group P4mm (No. 99).



Maximal isomorphic subgroups

http://www.cryst.ehu.es/cryst/series.htmlSERIES

space group

static databases

http://www.cryst.ehu.es/cryst/series.html


Maximal isomorphic subgroups

Static 
Databases



Maximal isomorphic subgroups



Maximal isomorphic subgroups



Maximal isomorphic subgroups

International Tables for Crystallography, Vol. A1
ed. H. Wondratschek, U. Mueller

Output SERIES



Exercise 2.1

(a) The retrieval tool MAXSUB gives an access to the database

on maximal subgroups of space groups as listed in ITA1.

Determine the maximal subgroups of the group P4mm (No. 99)

using the program MAXSUB.

(b) Use the program SERIES and determine the isomorphic

subgroups of the group P4mm (No. 99).



Subgroups of Space Groups

International Tables for Crystallography, Vol. A1
ed. H. Wondratschek, U. Mueller

Graph of the translationengleiche subgroups of the space group Pnma



www.cryst.ehu.es



Subgroups of Space Groups

SUBGROUPGRAPH http://www.cryst.ehu.es/cryst/subgroupgraph.html

Input:
- Group number (G)

- Subgroup number (H)

- The index [i] (optional)

http://www.cryst.ehu.es/cryst/subgroupgraph.html


Subgroups of Space Groups



Subgroups of Space Groups



Exercise 2.2

With the help of the program SUBGROUPGRAPH obtain

the graph of the t-subgroups of P4mm (No. 99). Explain

the difference between the contracted and complete

graphs of the t-subgroups of P4mm (No. 99).



Exercise 2.3

Study the group-subgroup relations between the groups

G=P41212 (No. 92), and H=P21 (No. 4), using the program

SUBGROUPGRAPH. Consider the cases with specified index

e.g. [i]=4, and not specified index of the group-subgroup pair.



Group-subgroup phase transition

Possible symmetries of the low temperature phase of a fullerene‐cubane crystal

Crystals that include both molecules of fullerene and cubane are known to crystallize at

high temperatures in the Fm-3m space group, with the disordered fullerenes centred at the

site 4a (0 0 0) and the disordered cubane molecules at 4b (1/2 1/2 1/2) (Nature Mat. 4, 764

(2005)). At low temperature, as the molecules become ordered, the system exhibits a

couple of phase transitions. From powder diffraction experiments, the symmetry of the final

phase has been reported to be an orthorhombic structure, with the lattice parameters of its
primitive orthorhombic unit cell satisfying the approximate relations: a≈b≈ac/√2, while c≈

2ac. However, the phase space group, and therefore its structure, could not be determined

(J. Phys. Chem. B 113 2042 (2009)). Obviously, if we could restrict the symmetry of this

phase to a minimal set of possible or most probable space groups, we could have a better

chance of succeeding in the interpretation and analysis of its diffraction diagram.

Unkown

structure data:

P orthorhombic

ao ≈ bo ≈ ac/√2, co ≈ 2ac

Fm-3m



Group-subgroup phase transition

SUBGROUP: http://www.cryst.ehu.es/cgi-bin/cryst/programs/subgrmag1_cell.pl

. . .  

The parent 

space group

The lattice 

supercell

primitive

http://www.cryst.ehu.es/cgi-bin/cryst/programs/subgrmag1_cell.pl


Group-subgroup phase transition

Possible solutions for point group mmm



Group-subgroup phase transition

Possible solutions for point group mm2



Group-subgroup phase transition

Possible solutions for point group 222



CRYSTAL-STRUCTURE DESCRIPTIONS



www.cryst.ehu.es



CRYSTAL-STRUCTURE TOOLS

You can access to the material of this session:

http://www.cryst.ehu.es/resources/dresden2019/

You need to download:

- StructuresExercises.txt

http://www.cryst.ehu.es/resources/dresden2019/


Crystal structure descriptions

What do we need to describe a crystal structure?

Space Group (ITA number)

Lattice parameters

Number of independent atoms in the asymmetric unit

Atom type and number

The Wyckoff position

The coordinates x, y, z

141
6.6164 6.6164 6.0150 90 90 90
3
Zr  1   4a    0.000   0.750   0.125
Si  1   4b    0.000   0.750   0.625
O  1   16h   0.000   0.067   0.198

BCS format



Non-standard setting

Initial setting

structure
description

Final setting
structure

description

Xf=(P,p)-1Xi

ITA settings structure descriptions

Inorganic Crystal
Structure Database

CaPbO3



CaPbO3

SETSTRU

CIF file

BCS format

ITA settings structure descriptions

http://www.cryst.ehu.es/cryst/setstru.html

CaPbO3

http://www.cryst.ehu.es/cryst/setstru.html


ITA settings structure descriptions

SETSTRU CaPbO3



ITA settings structure descriptions

SETSTRU CaPbO3



Structure transformation

CIF file

BCS format

arbitrary transformation

subgroup basis

http://www.cryst.ehu.es/cryst/transtru.htmlTRANSTRU

Pb3(VO4)2

http://www.cryst.ehu.es/cryst/transtru.html


Structure transformation

Description
R-3m (No. 166)

Description
P21/c (No. 14)

(P,p)

Validity (P,p)

WP splitting

Pb3(VO4)2



Structure transformation

(P,p)=2/3a+1/3b+1/3c,b,-2a-b



The program measures the similarity between two structures with
the same or different compositions:

Description 2 (Description 2)
1

Description 1

G
standard

G
standard

symmetry
controlled
mapping

global distortion
of the mapping

most similar 
configuration

affine
normalizer

lattice deformation
atomic displacement field

G
standard

- same space-group (or space groups that form an enantiomorphic pair)

- same sequence of the occupied Wyckoff positions

- the same total number of atoms in the unit cells

Comparison of structures



How to measure the similarity between two descriptions ?

degree of lattice
distortion

ηi-eigenvalues of the Lagrangian
strain tensor

average atomic
displacements

maximal atomic
displacements

maximal displacements of the paired atoms

ui atomic displacements

Comparison of structures



How to measure the similarity between two descriptions ?

Bergerhoff et al. Acta Cryst.(1999), B55, 147

structural
descriptor

weighted mean difference
between atomic coordinates

relation between
axial ratios

Comparison of structures



CIF file

CIF file

BCS format

BCS format

Tolerance

Standard setting

COMPSTRU http://www.cryst.ehu.es/cryst/compstru.html

Comparison of structures

Pb3(PO4)2

http://www.cryst.ehu.es/cryst/compstru.html


Description of Structure #2 in the most similar 
configuration to Structure #1

(P, p): -a,-b,3a+c ; 1/4,1/4,0

Comparison of structures

Pb3(PO4)2



Comparison of structures

Visualization of the comparison
Pb3(PO4)2



Exercise 3.1

In ICSD can be found several structure data sets of ε-Fe2O3, all of them of

symmetry Pna21(No.33). Compare the following two descriptions and check

if they belong to the same structure type.



Do these compounds belong to the same structure type ?

Exercise 3.2

KAsF6 BaIrF6

BaSnF6

Koch, Fischer. MathCryst Satell., ECM22, Budapest 2004



CRYSTAL-STRUCTURE RELATIONS



Structure relations

- Family trees of group-subgroup relations
(Bärnighausen tree)

- Twinned crystals and antiphase domains

- Phase transitions

- Prediction of crystal-structure types

Symmetry relations using crystallographic group-subgroup relations

is a vaulable tool in crystal chemistry and physics.

Applications



Structure relations

Structural Relationship between two structures with
group-subgroup related symmetry groups G > H

High-symmetry phase: G

Low-symmetry phase: H

Reference description: (G)H

symmetry
reduction

Group-subgroup
relation G > H

Wyckoff positions 
splitting

affine
transformation

lattice deformation

atomic
displacement field

STRUCTURE
RELATIONS



Structure relations

STRUCTURE RELATIONS

http://www.cryst.ehu.es/cryst/rel.html

BaTiO3

http://www.cryst.ehu.es/cryst/rel.html


Structure relations

Pm-3m high-symmetry phase

Amm2 low-symmetry phase

(High-symmetry phase)
Amm2

Symmetry controlled mapping

Global distortion

Lattice deformation
Atomic displacement field



Structure relations



Exercise 4.1

Cristobalite phase transitions



Lead phosphate phase transition

Exercise 4.2 (a)



Lead vanadate phase transition

Exercise 4.2 (b)



Bärnighausen Trees

Pyrite Structural Family

Aristotype

Basic structure

Hettotypes

Derivatie
structures

U. Mueller, Gargnano 2008



Structural Relationship between two structures with group-subgroup
related symmetry groups G > H

STRUCTURE
RELATIONS

High-symmetry phase: G

Low-symmetry phase: H

Reference description: (G)H

symmetry
reduction

Group-subgroup
relation G > H

affine
transformation

lattice deformation

atomic displacement
field

atomic species
correspondence

scheme

Symmetry relations between crystal structures



Symmetry relations between crystal structures

Different atomic species



Hettotype of CsCl structure

#CuZn (CsCl type): Pm-3m
221
2.959 2.959 2.959 90. 90. 90.
2
Cu 1 1a 0.0 0.0 0.0
Zn 1 1b 0.5 0.5 0.5

#CoU type:I213
199
6.3557 6.3557 6.3557 90. 90. 90.
2
Co 1 8a 0.2940 0.2940 0.2940
U   1 8a 0.0347 0.0347 0.0347

Exercise 4.3

Show that the crystal structure of CoU maybe interpreted as a slightly

distorted CsCl (or b-brass, CuZn)-type structure. Using the structural data

in the Exercise Data file, characterize the structural relationship between

the CuZn structure and CoU structure.



Exercise 4.4

(a) Upon heating above 573 ºC the LT-quartz transforms to its HT

form. Set up the corresponding Bärnighausen tree that describes the

symmetry relations between the two quartz forms. Which additional

degree of freedom are present in the lower symmetry form? (The

crystal structures of HT-quartz and LT-quartz can be found in the

ExerciseData file.)

(b) Consider the structure data of AlPO4 listed in the ExerciseData

file. Describe its structural relationship to quartz and construct the

corresponding Bärnighausen tree.

Hint:

In order to find the structural relationship between quartz and AlPO4

consider the splitting of Si positions into two: one for Al and one for P.

HT-quartz and LT-quartz


