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SPACE GROUPS

Space group G:

The set of all symmetr
oFerations (isometries{
of a crystal pattern

Translation subgroup T:
TG

The infinite set of all translations that
are symmetry operations of the

crystal pattern Point group of the
space groups Pg:

The factor group of the space group G with
respect to the translation subgroup T: Pc = G/H

(W,w)—>W Pc={W|(W,w)eG}



Irreducible representations of a
group induced from the irreps of
one of its normal subgroups

Method:

|. Construct all irreps of H
2. Distribute the irreps of H into orbits under G and

select a representative
3. Determine the little group for each representative

4. Find the small (allowed) irreps of the little group

5. Construct the irreps of G by induction from the
the small (allowed) irreps of the little group



Step I.  TRANSLATION SUBGROUP IRREPS Te<] G

Born-von Karman boundary condition
(I t)™N = (I N;) = (I, 0)

(I, Nt); Nt = (Nqity, Noto, N3t3)

homomorphic mapping

infinite Ta: {(1,0), (L,t}, (1,2t),...,(I, Nt),(LL(N+1)¢t), ...,(I,2Nt), ...}

N

finite T: 1(L0), (L}, (1L.2t),...,(L(N-1)t)}
kernel ={(1,0), (I,Nt), (I,2Nt),...}



Irreps of Translation group

. . cyclic groups
Finite Abelian groups { direct product of

cyclic groups

A B — A XB
@a%...2%  {bb2...br} {@mbn)} mz}-s

l l |

Dp(am),p=0,1,...s-1 Da(bn), q=0,1,..,~-1 DP(a™) ® Da(b")

e:z:p(—i%rm)g e:z:p(—i27rn)g
S

Dpa(am, br)= exp(—i2mm)Y eap(—i2mn)=
S

P=O’ I yoesy O~ I q=0, I I I



IRREPS of Translational group

Translational subgroup: T

T=T, ® T, ® T3= {(tik ta, tzm)}

Drar(tik, t)), t3m)= | \\

exp(— szk)F exp(—i2wl) — exp( 227Tm
1 No

number of irreps:
p=0,1,..,Ni-1 g=0,1,..,N2-1 r=0,1,..,N3-1

dim Dprar(t/k to, t3m)=1



IRREPS of Translational group

reciprocal space

L:a1,22,a3

—2mi(q1 -+ a2
r(@1a26B)[(1,t)] =e Ny TH2N5

N

< > L* a*™,a™p,a™3
ai.a*j=21'[5ij

to

<—

Q3N—3

qi/N;

rla1a293)[(1, t)] = MK[(1, t)] = exp—i(k t)

ITA conventions:

(k £)= (ki,ka,ks)

a*
7, o)

a3

(ar,az,as)

= 211(ki,ka,k3)




IRREPS of Translational group

unit cell of reciprocal space (fundamental region)
kK'=k+K, K=hjaj*+haz*+hzaz*, KelL*
[ K=exp(-i(k+K)t)=exp-i(k.t)= 'k
first Brillouin zone (Wigner-Seitz cell)
Ik|=|K-k|, vKeL*

crystallographic unit cell

O<|k|<!



first Brillouin zone (Wigner-Seitz cell)

Ik|<|K-k|, vKeL*

®

(9




Ik|<|K-k|, vKeL*

Wigner-Seitz
construction for
bcc lattice




Brillouin Zone Database
Crystallographic Approach

Reciprocal space groups Symmorphic space groups

Brillouin zones <€ IT unit cells
Representation domain Asymmetric unit

Wave-vector symmetry Wyckoff positions
kA The k-vector Typesuof Group 22 [F222]

‘17, A
)’2 ,.Z 2 . k-vector description Wyckoff Position ITA description
~—
, CDML*
5 A Conventional-ITA ITA Coordinates
Gl . 0 Label Primitive
"
- GM 0,0,0 0,0,0 a 2 222 0,0,0
GO » A T 1,112,112 0,1,1 b 2 222 0,1/2,1/2
) ]
. Lind PY b | 2 222 1/2,0,0
. H Z 112,1/2,0 0,0,1 c 2 222 0,0,1/2
|
G . QO 0 Y 1/2,0,1/2 0,1,0 d | 2 222 0,1/2,0
]
5 . Y=Y, d | 2 222 1/2,0,1/2
|
"
I‘& A |/ SM 0,u,u ex 2u,0,0 e | 4 2. x,0,0:0 <x<=sm,
= —C Y ) 76. U 1,1/2+u,1/2+u ex 2u,1,1 e | 4 2.. x,1/2,1/2:0 <x <u,
k D " y
X U~SM,=[SM,, T,] e | 4 2. x,0,0 : 1/2-u =smg < x < 1/2
SM+SM =[GM T,] e | 4 2. x,0,0:0<x<1/2
A 1/2,1/2+u,u ex 2u,0,1 f | 4 2.. x0,1/2:0<x<=a,
C 1/2,u,1/2+u ex 2u,1,0 f | 4 2.. x,1/2,0:0<x<c,

c2> a2+ b2



Step 2 Distribute the irreps of H into orbits under G
and select a representative

Conjugate representations

conjugate representation G >H

DS(H)={D5(g-'hig), hicH, ge G,gZH}
H= {e, hy, h3, ..., hj,... ,hn}

\\

{D(g'eg), D(g'h2g), ... ,D(g'hng)}

{D(e), D(hy),...,D(hn)} \ \ \,

Ds(H)= {D(e), D(h"2),...,D(h"»)}




[ Conjugate representations ]

properties

CONJUGATE REPRESENTATION
(D*(H))g ={D*(g"* hg), heH},
whereg € G, g ¢ H
1. dim(D*(H)) = dim((D*(H))g);
2. (D%(H))q is an irrep if D*(H) is.
3. Equivalent or nonequivalent conjugate rep

(DS(H»g{ B



{Conjugate representations and orbits J

Group—normal subgroup pair G > H
Gg=HUg HU ... Ug,H

ORBIT OF CONJUGATE REPS
O (D*(H))={D*(H), (D*(H))gs:---» (D*(H))g,},
where g € G



LITTLE GROUP G*:

Group-normal subgroup pair G>H; Irrep DS(H)
G°=G°(D*(H)) ={9€G:(D*(H))g ~D*(H)}
g>Gg°p>H.

ALLOWED IRREP OF THE LITTLE GROUP

D/ (G*(D*(H))) | H 5 D*(H)

allowed irrep or allowable irrep or small irrep




Step 2. Classification of the irreps of the Translation
subgroup.

orbits of irreps of T (under the action of G)
[K(l,t)= I ((W,w)I(L,t)(W,w)), (Lt)eT, (W,w)eG

[ (Le)= T« (LW-'t)=exp-i(k .(W-'t)) =exp-i((k W-).t)
k'=kW + K

little co-group of k: Gk
k= kW + K, KeL*
special and general

Ek ={ |} Ek S { |} space-group irreps



Orbits of irreps of the Translation subgroup.

orbit of k
O(M)={Tk, T,..., K= kW + K,WeG}

star of k: Ic* §'< f_ G B B
G=Gk+W;, Gk+,, +W, Gk

l*={k’=kWm+K,Wn &Gk}

representation domain

exactly one k-vector from each star
(one irrep from each orbit of irreps of T)

space-group irreps



Little group and Little-group irreps
(Allowed irreps of the little group)

Step 3. Little group Gk
Gk={(W,w)eG|We Gk}

Step 4. Allowed irreps of Gk
(Dki]|T) = exp(-ikt)l

special case: general k-vector

star of k
little group of k 7

allowed irreps

space-group irreps



Little-group irreps
\ (Allowed irreps of the little group) )

Step 4. Allowed irreps of Gk

1. K is a vector of the interior of the BZ
OR

2. GK is a symmorphic space group.

allowed irreps DK
Case |. ,

Here Dk is an irrep of GK

[ space-group irrepsj




4 )
Little-group irreps

! (Allowed irreps of the little group) ’

1. K is a vector on the surface of the BZ
AND

2. GK is a nonsymmorphic space group.

allowed irreps DX |
induced from allowed irreps D;[:( of Hp where
0

Ho is a symmorphic subgroup of GX

composition series for space QFOUPS[ space-group irrepsj




Step 5.

INDUCTION THEOREM

\_ J

1. Let D/(H) be anirrep from the orbit O(D7(#))
with the little group G/(DJ(#H)) relative to
G. Then each allowed irrep D™ (G (D7 (H)))
of G/(DJ(H)) induces an irrep DI"4(G), whose
subduction to H yields the orbit O(D7(#)).

2. All irreps of G are obtained exactly once if
the procedure described in 1 is applied on
one irrep DJ(H) from each orbit O(DJ(H))
of irreps of H relative to G.



space-group irreps

Step 5. Induction procedure

Construction of the irreps of the space group G
by induction from the the small (allowed) irreps
of the little group Gk<G



PROCEDURE FOR THE
CONSTRUCTION OF

SPACE-GROUP
REPRESENTATIONS




Procedure for the construction of the irreps
of space groups.

|. space-group information

(a) Decomposition of the space group G in
cosets relative to its translation subgroup

T, seeIT A (1996)
G=TUMW5o, Wo)TU ... U(Wp,wWy)T

(b) Choice of a convenient set of generators
of G, see IT A (1996)



2. k-vector information

(a) k vector from the representation domain
of the BZ

(b)| Little co-group GK of k:

CK={W,cG: k=kW, + K, keL*

(c)| k-vector star x(k)

(k) = {k, Ko, ... ,Ks}, withk = kW, j =
1, ... s, where Wj are the coset repre-
sentatives of G relative to GK.

(d)| Determination of the little group GK

Gk = {(W,;,W;) €G: W, € G}



3. Allowed (small) irreps of Gk

(a) If K is a symmorphic space group or Kk is
Inside the BZ, then the non-equivalent
allowed irreps DK:* of gK are related to
the non-equivalent irreps D¢ of GK in
the followmg way:




(b) |If G¥ is a non-symmorphic space group
and K is on the surface of the BZ, then:

Look for a symmorphic subgroup H§
(or an appropriate chain of normal sub-

groups) of index 2 or 3
Find the allowed irreps D!’,‘jo of HK,

I. e. .those for which is fulfilled
D;_’L;(l, t) = exp —(ik, t) I and distribute

them into orbits relative to GK
Determine the allowed irrpes of GK us-

Ing the results for the induction from
the irreps of normal subgroups of in-
dex 2 or 3



Induction procedure

4. Induction procedure for the construction of
the irreps D*K:i of G from the allowed ir-
reps DK% of G
The representation matrices of D*K:%(G) for
any element of G can be obtained if the
matrices for the generators {(W;, w;), | =
1, ...,k} of G are available (step 1a).

Dlnd(g) ®

induction matrix



Induction procedure

Decomposition of G relative to GgK

An obvious choice of coset representa-
tives of G relative to GK is the set of of
elements {¢; = (W;, w;), 1 =1, ..., s}
where W, are the coset representatives
of G relative to GK




e elements of the little group GK and the coset
representatives {qi,q,...,qs} of G relative to GK are
necessary for the construction of the induction matrix

| if g' (W,w)q; € gK
MOV 0 e o
0if g-'(W,w)q € G
0 | 0 0 dim M=s x s
0 0 | 0
| 0 0 0 :
monomial
0 0 0 | matrix
(Wi, w) | ¢ |q; |q; (Wi, w) | g (W, wi)g; | M(W, w




(b) Matrices of the irreps D*™ ™ of G:

All irreps of the space group G for a
given k vector are obtained considering
all allowed irreps of the little group gK
DK:™ obtained in step 3.



EXERCISES Problem 3.5.1.1

Consider the k-vectors 1'(000) and X (0%20) of the group P4mm

(i) Determine the little groups, the k-vector stars,
the number and the dimensions of the little-group irreps,
the number and the dimensions of the corresponding irreps
of the group P4dmm

(ii) Calculate a set of coset representatives of the
decomposition of the group P4mm with respect to the

little groups of the k-vectors I'(000) and X, and construct
the corresponding full space group irreps of P4dmm



International Tables for Crystallography (2006). Vol. A, Space group 99, pp. 382-383.

|
P 4 mm C4v dmm Tetragonal
No. 99 Pdmm Patterson symmetry P4/mmm
®©O0 o
+O OF +O O+
o@ 00 4@ Oo
o o
oll® olle
+O O+ O OX
© O+ +© O+
00 00
Origin on 4mm
Asymmetric unit 0<x<i 0<y<i; 0<z<I1; x<y
Symmetry operations
(1) 1 (2) 2 0.0,z (3) 4 0,0,z 4) 4 0.0,z
(5) m x.0.z (6) m 0.v.z (7) m x.,X.z (8) m x.x.z
General position
(1) x,y.2 (2) X,y,2 (3) ¥, x.2 4) y. %,z

(5) x7)77z (6) -f)yaz (7) y—ﬂx7z (8) y7x7z



5.5 Crystal class 4mm

5.5.1 Arithmetic crystal class 4mmP

Fig. 5.5.1.1 Diagram for arithmetic crystal class 4mmP

Pdmm — C}, (99) to Pdybe — CF, (106)
Reciprocal-space group (P4mm)*, No. 99 see Tab. 5.5.1.1
Ak
z

v

© bilbao crystallographic server

httenslharmarna nruet alhe as



EXERCISES Problem 3.5.1.2

Consider the k-vectors [ (000) and X (0'20) of the group P4bm

(i) Determine the full irreps of space group P4bm,
k-vector [ (000). Is there a difference to the irreps
of space group P4mm, k= [ (000)?

(i) Determine the allowed little-group irreps of the
space group P4bm, for k-vector X (020).
Compare the obtained results with those obtained
for the space group P4mm, k= X (0'20).



EXERCISES Problem 3.5.1.3

Consider a general k-vector of a space group
G. Determine its little co-group, the k-vector
star. How many arms has its star! How many
full-group irreps will be induced and of what
dimension? Write down the matrix of the full-
group irrep of a general k-vector of a

translation.
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BASIC DATABASES AND
PROGRAMS OF
REPRESENTATIONS OF
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GENPOS Generators and General Positions of Space Groups
WYCKPOS Wyckoff Positions of Space Groups .
HKLCOND Reflection conditions of Space Groups

MAXSUB Maximal Subgroups of Space Groups

SERIES Series of Maximal Isomorphic Subgr~ups of Grou,'s
WYCKSETS Equivalent Sets of Wyckoff Po<.dons

NORMALIZER Normalizers of Space Gr-ups

KVEC The k-vector types ~..1d Brillg PesOf ©pace Groups
SYMMETRY Geometric int<. pretai p o’ amn representations of
OPERATIONS symmetrv uperatigg

IDENTIFY GROUP

‘Jpace Groups Representations
7.5 ~ ¢ Irreducible representations of the crystallographic Point Groups
»*.ons SG  Irreducible representations of the Space Groups
Get iteBDS Irreps and order parameters in a space group-subgroup phase
—rep transition
Gef mirr Irreps and order parameters in a paramagnetic space group-
- “BR magnetic subgroup phase transition
DIRPRO Direct Products of Space Group Irreducible Representations
Correlations relations between the irreducible representations of a
CORREL .
group-subgroup pair
POINT Point Group Tables
SITESYM Site-symmetry induced representations of Space Groups
COMPATIBILITY Compatibility relations between the irreducible representations of a
RELATIONS space group
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BILBAO CRYSTALLOGRAPHIC SERVER

Databases of Representations

Representations of space and point groups

wave-vector data POINT
Brillouin zones character tables
representation domains multiplication tables
parameter ranges symmetrized products

Retrieval tools



Representations
of Point Groups

Database on

group-subgroup

Point Group Tables of Csv(6mm)

Character Table

C, (6mm) % 112 3|6 M, M functions
Mult. 1(1[2]2|3 |3
A, 1111111 2, x2+y2 72
A, 111111 J,
B, 111111
B, 111 ]-1]-1]1
2 2
E, 2|2 -1(-1]0 |0 (x%-y°.xy)
E, 2(-2|-1[1]0 [0 |(x¥(xzy2).(J,J)

relations

The Rotation Group D(L)

L |2L+1 Ay (A By |B, B, B,
5 Sub 0| 1 1
oint Subgroups

L 1 3 |1 1

Subgroup |Order | Index

2| 5 |1 11
6mm 12 1

3| 7 |1 111111
6 6 2

41 9 |1 11112 |1
3m 6 2

5| 11 [1 111122
3 3 4

6| 13 [2 (1 (1 ]|1]|]2 |2
mm2 4 3

7115 (2 (1 (1|12 |3

2 6

8|17 (2 (1 (1|13 |3
m 2 6

9119 (2 (12|23 |3
1 1 12

10,21 |2 |12 (2|4 |3

[ List of irreducible representations in matrix form ]

character tables
matrix representations
basis functions




[ Point-group Database j

Multiplication Table Irreps Decompositions
C.(6mm) /A |A B B,| E, E, C, (6mm) A |A B (B, |E, E,
vV 110111 11
A1 A1 A2 B1 B2 E2 E1
2
A, A, |B, B, E, E, V4] 2 1|1
vy (2] -[|1]1[1]2
" il E vy |3 11132
Bz A1 E1 E2
A S I I P P P A
E A +A +E_|B +B +E
2 1+A*E, | By+By*E, By 2|11
E A +A +E
‘ s Ay |- l2(1][1]1]2
A 3| |1]1]3]|2
Symmetrized Products of Irreps
Vixv |3 [1|1[1[2 |4
C. (6mm) A, |A, B, |B, |E, [E,
mv33 (5| -|1|1]4]3
(A xA] | 1 2
{V} . 1 . . . 1
[A, xA)] | 1 5
{A} . 1 . . . 1
B, xB.] |1 >
vy (121123
[B,xB,] | 1
[E,xEJ (1] |- | |1
[EXE] 1] || [1




Brillouin Zone Database
Crystallographic Approach

Reciprocal space groups Symmorphic space groups

Brillouin zones <€ IT unit cells
Representation domain Asymmetric unit

Wave-vector symmetry Wyckoff positions
kA The k-vector Typesuof Group 22 [F222]

‘17, A
)’2 ,.Z 2 . k-vector description Wyckoff Position ITA description
~—
, CDML*
5 A Conventional-ITA ITA Coordinates
Gl . 0 Label Primitive
T
- GM 0,0,0 0,0,0 a 2 222 0,0,0
GO » A T 1,112,112 0,1,1 b 2 222 0,1/2,1/2
) ]
. Lind P b | 2 222 1/2,0,0
"
. H Z 1/2,1/2,0 0,0,1 c 2 222 0,0,1/2
"
G . QO 0 Y 1/2,0,1/2 0,1,0 d | 2 222 0,1/2,0
]
5 . Y=Y, d | 2 222 1/2,0,1/2
"
"
I‘& A |/ SM 0,u,u ex 2u,0,0 e | 4 2. x,0,0:0 <x<=sm,
= —C Y ) 76. U 1,1/2+u,1/2+u ex 2u,1,1 e | 4 2.. x,12,1/2:0 <x <u,
k D : y
X U~SM,=[SM,, T,] e | 4 2. x,0,0 : 1/2-u =smg < x < 1/2
SM+SM =[GM T,] e | 4 2. x,0,0:0<x<1/2
A 1/2,1/2+u,u ex 2u,0,1 f | 4 2.. x0,1/2:0<x<=a,
C 1/2,u,1/2+u ex 2u,1,0 f | 4 2.. x,1/2,0:0<x<c,

c2> a2+ b2



Brillouin zone Database

Example:
The k-vector Types of Group 22 [F222]
Brillouin zone
( Diagram for arithmetic crystal class 222F )

N A

- 1 B, T 2, ?Zg‘ 1

Gl "

- N H
T ..{‘:‘,.-.' ................... .)‘y k_‘
Et‘ D . DO D —9 CO

¢2< a2+ b2 N\ C2> a2+ b2



BILBAO CRYSTALLOGRAPHIC SERVER

Problem: Representations
O of stace groups REPRES

Space Group Number: Please, enter the sequential number of group as given in International Tables for
Crystallography, Vol. A or ( choose it |

99

“next




REPRES link to

Brillouin zone —

database

e You can introduce the k-vector choosing one from the table:

CDML Wyckoff position
Choose one
. k-vector label Coordinates Multiplicity Letter
Option |

LD 0,0,u 1 a

\Y 1/2,1/2,u 1 b

W 0,1/2,u 2 c

C u,u,v “ d

k-vector 5 e 4 o
data F u,1/2,v 4 f
GP u,v,w 8 g

@ Or you can introduce the k-vector coordinates, relative to the basis you have chosen, as any three
decimal numbers or fractions:

k vector data

.

Reciprocal basis primitive (CDML) -

Option 2

Coordinates K, Ky Kk,




REPRES

k-vector data: option |

CDML Wyckoff position
Choose one
k-vector label Coordinates Multiplicity Letter
a
C V 1/2,1/2,u 1 b
O W 0,1/2,u 2 C
O C u,u,v 4 d
O B O,u,v 4 e
O F u,1/2,v 4 f
O GP u,v,w 8 g
Choose one Label Coordinates (CDML)
O GM 0,0,0
O z 0,0,1/2
O LD 0,0,u
® LE 0,0,-u
u:

f reantiniia




REPRES

= Optional: If you wish to see the full-group irreps for the generator check this

= Optional: If you wish to change conventional (ITA) basis check this

‘1 “0 “0

Rotation 0 |1 0
0 0 1

Origin shift 0 0 0

= Optional: If you wish to see the irreps for arbitrary space group element check this

Rotational part Traslation
1 0 0 0
0 1 0 0
0 0 1 0




output J

~ REPRES

Space-group data

tP

Space group G99 , number 99

Lattice type
Number of generators : 4

o OO

o O

o0

- OO

(= e o)

OO

-1 OO

o0

(==l Il o)

o oo

OO ™

OO

- OO

o

Number of elements

o O OoO

OO

- OO

oO- O

(=l o)

OO

-1 OO

o - 0O

(= Rl Il o)

o oo

O™

OO

- OO

o OO

OO

-1 OO

OO

(=l )

o oo

OO ™

OO

-1 OO

(o= Rl Bl e

OO ™

OO

- OO



_ REPRES: output |

[ k-vector and its star *k ]

K-vector X :
in primitive basis : 0.000 0.500 0.000
in standard dual basis : 0.000 0.500 0.000

The star of the k-vector has the following 2 arms :
0.000 0.500 0.000
0.500 0.000 0.000

[ Little group GX={(W,wi)|Wik=k+K, (W;w;) € G}j

The little group of the k-vector has the following 4
elements as translation coset representatives :

1 2 3 A
1 0 O 0 -1 0 O 0 1 0 O 0 -1 0 0 0
0O 1 O 0 0 -1 0 0 0 -1 0 0 0 1 0 0
0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0

The little group of the k-vector has 4 allowed irreps.
The matrices, corresponding to all of the little group elements are :

Irrep (X)(1l) , dimension 1
1 2 3 4

(1.000, 0.0) (1.000, 0.0) (1.000, 0.0) (1.000, O

Irrep (X)(2) , dimension 1
1 2 3 4
(1.000, 0.0) (1.000, 0.0) (1.000,180.0) (1.000,180.0)



[ Coset decomposition ] [REPRES: output ]

The space group has the following 2 elements as
coset representatives relative to the little group :

1 | GGG

1 0 0 0 0-1 0 0
0 1 0 0 1 0 0 0
0 0 1 0 0 0 1 0

[ Full-group irreps: Characters j
General position characters:
Gen Pos: 1 2
X1 (2.000, 0.0) (2.000, 0.0) (0.000, 0.0)
X2 (2.000, 0.0) (2.000, 0.0) (0.000, 0.0)
X4 (2.000, 0.0) (2.000,180.0) (0.000, 0.0)
X3 (2.000, 0.0) (2.000,180.0) (0.000, ©0.0)

( Physically-irreducible irreps )

Physically-irreducible representations:




Coset decomposition REPRES: output

The space group has the following 2 elements as
coset representatives relative to the little group :

G=GX+q,GX+...+qiGX

HFOON

0
0
0

OO
OO

0
0
0

oo

1 O
0 1
0 O

Full-group irreps: Induction procedure

Generator number 3

Induction matrix : Fu||-gI’OUP induction small irrep

0 1 - . .
10 Irrep matrix matrix

. *X | R X,i k wk); :
(12000, "0°0) D™ (Waw)mini = M(W,W)m,nDXi(WEwk);;
Block (2,1)
(1.000, 0.0)

Generator number 4
Induction matrix :
10
01

Block (1,1)
(1.000, 0.0)
Block (2,2)
(1.000, 0.0)

(WEwh)=(qm)- (Wiw) s



[Problem:j BILBAO CRYSTALLOGRAPHIC SERVER

Representations Representations SG
of space groups

Irreducible representations of the Space Groups

Representations provides a set of irreducible representations (or Irreducible representations
physically irreducible representations in a real basis) of a given

Space Group and a wave vector. Physically irreducible representations given in a real basis
Reference. For more information about this program see the following

article:

e Elcoro et al. "Double crystallographic groups and their representations on
the Bilbao Crystallographic Server" J. of Appl. Cryst. (2017). 50,
1457-1477. doi:10.1107/S1600576717011712

If you are using this program in the preparation of an article, please cite the
above reference.



INPUT " REPRESENTATIONS SG |

Irreducible representations of the Space Groups

_ List of non-equivalent k-vectors of the Space Group P4mm (N. 99)
The components are referred to the conventional basis

Representations provides a set of irreducible

representations of a given Space Group and a Choose one e T Components in the
wave vector. conventional basis
(0,1/2,w)

O V.MA (1/2,1/12,w)

O C.SM,S (u,u,w)

O B.UDT (0,v,w)

O ENG (u,1/2,w)

® GP,ED (u,v,w)

Submit

List of non-equivalent k-vectors of the Space Group P4mm (No. 99)

The components are referred to the conventional basis

Components in the

Choose one k-vector label
conventional basis
[+ ] W (0,1/2,w)
O X (0,1/2,0)

o R (0,1/2,1/2)




| REPRESENTATIONS SG |

Irreducible representations of the Space Group P4mm (No. 99)

and wave vector k1=(0,1/2,0).

'he matrices of the representations (the whole representation and the representation of the little group) with dimension smaller than 5 are given explicitly. When the 1
epresentation is larger than 5, only the non-zero elements are given using the following notation: (i;j)=x means that the (i,j) element of the matrix is x.

Matrices of the representations of the little group

Matrix presentation Seitz Symbol &

{1)t4,t2,t3}

{2001/0,0,0}

{mo10/0,0,0}

{m‘lOOIO'O-O}

Vectors of the star

[ k-vector and its star *k ]

<1=(0,1/2,0), k2=(1/2,0,0)




OUTPUT

Matrices of the representations of the group

_ REPRESENTATIONS

SG

The number in parentheses after the label of the irrep indicates the "reality” of the irrep: (1) for real, (-1) for pseudoreal and (0) for complex representations.

Matrix presentation Seitz Symbol & X4(1) Xo(1) Xa(1) "Xa(1)
1 v v t1 eint 0 eint: 0 eint 0 eint 0
0 1 0 t2 {1]t4,12,t3} . - . -
0 9 1 - 0 e- t. 0 Ql.‘l.. 0 e- t_ 0 el.‘h._
-1 0 ¢ 0 1 0 1 0 -1 © -1 0
0 -1 0 0 {200410,0,0} .
0 0 1 0 1 ¢ -1
0 =1 0 0 . 0 1
1 0 0 0 {47 001/0,0,0} .
0 0 1 0 -1 0
0 1 0 0 -1 ) ( 0 -1 )
-1 0 © 0
0 0 1 0 0 10
3 I o E : 0,0.0) ( 1 0 ) -1 0 -1 o0 ) ( 1 0 )
f - : o) m 0,
o o 1 0 010 0 1 0 -1 0 1 0 -1
R w000 | (1) o) (5 0)
o o0 1 - 1007 0 1 0 -1 0 -1 0 1



EXERCISES Problem 3.5.2.1

(a) Obtain the irreps for the space group P4mm
for the k-vectors [ (0,0,0) and X(0,1/2,0) using
the program REPRES. Compare the results
with the solutions of Problem 3.5.1.1.

(b) Use the program REPRES for the derivation
of the irreps of a general k-vector of the group
P4mm and compare the results with the results

of Problem 3.5.1.3.



EXERCISES Problem 3.5.2.2

Obtain the irreps for the space group P4bm for
the k-vectors [ (0,0,0) and X(0,1/2,0) using the
program REPRES. Compare the results with
the solutions of Problem 3.5.1.2.



EXERCISES Problem 3.5.2.3

Consider the k-vectors I'(000), R (¥2)4%2) and M(220) of the
group Pm-3m (221). Using the tools of the Bilbao
Crystallographic Server:

(i) Determine the little groups, the k-vector stars,
the number and the dimensions of the little-group irreps,
the number and the dimensions of the corresponding irreps
of the group Pm-3m

(ii) Calculate a set of coset representatives of the
decomposition of the group Pm-3m with respect to the
little group of the k-vectors R and M, and construct the
corresponding full space group irreps of Pm-3m




SUBDUCED SPACE-GROUP
REPRESENTATIONS



Problem: SUBDUCED space-group
representations

D(G): irrep of G

group G
{€,82, 83, ., 8,80} {D(e), D(g2), D(g3),..., D(g),-.. .D(gn)}
|/ / |
{e, hy, h3, ...,hm} {D(e), D(h2), D(h3), ...,.D(hm)}
subgroup H<G {D(G){ H}: subduced rep of H<G
Subduction
S-H{D(G){H}S irreps
——— of H

()miDi(H)




Compatibility relations of small
(allowed) representations of
little groups of a space group G

Problem:

k, Gk, Dk ,
Space group G { such that k=k’+0

k', Gk, Dk
Subduction of little group irreps

in the limitd— 0

Dki(Gk)| Gk ~ D m; D¥i(GK)

Correlations between characters

nk,i(gk’) l: zmj nk’(gk’) gk’EGk’



BILBAO CRYSTALLOGRAPHIC SERVER
EXAMPLE

ilkz
4 - - .
By
k-vector description ITA description . $ A r
Wyckoff position f\: W
k-vector label Conventional basis fiy
Multiplicity | Letter . v
GM 0,0,0 1 a
Y4 0,0,1/2 1 b
M 1/2,1/2,0 1 c
A 112,112,112 1 d
R 0,1/2,1/2 2 e
X 0,1/2,0 2 f
( s
LD 0,0,u 2 g ; Z1+ = U1
'/ 112,1/12,u 2 h © bilbao crystallographic server
w 0,1/2,u 4 i Z 1+ = LD 1 Z1- = U2
SM u,u,0 4 J
Z2+ = U 1
S u,u,1/2 4 k Z1- = LD 4 - _
DT 0,u,0 4 I Z2- = U2
Z2+ = LD 2
U 0,u,1/2 4 m
Z 3+ = U4
Y u,1/2,0 4 n Z2- = LD3
T u,1/2,1/2 4 0 73 = U3
D u,v,0 8 p Z 3+ = LD 4
E uv,1/2 8 q Z4+ = U4
Z 3 = LD 1
Cc u,u,v 8 r . — Z4 = U3
B O,u,v 8 S
F u,1/2,v 8 { Z4+ = LD3 Z5+ = U2+U3
GP WV, 16
ik - Z4 = LD_2 Z5 = U1+U.4




EXERCISES Problem 3.5.2.4

Using the program COMPATIBILITY
RELATIONS determine the connectivity of the
electronic energy bands of Ge, symmetry group
Fd-3m (227) between the high-symmetry points

[(0,0,0) and X(1/2,0,1/2) over the symmetry
line DT (u,0,u) (cf. BZ data of Fd-3m provided
by the program KVEC).



Problem: Correlations between

representations
ofpspace groups CORREL

D(G): irrep of G

group G
1€, 82,83 - 88t 1D(e), D(g2), D(g3),..., D(gi)s-.. .D(gn)}
VS A
{e, h, h, ...,hm} {D(e), D(h2), D(h3), ...,.D(hm)}
subgroup H<G {D(G){ H}: subduced rep of H<G
Subduction
S-H{D(G){H}S irreps
——— of H

()miDi(H)




Correlations between representations
of space groups

Subduction of space group irreps

D*ei(GWH ~ (D mD*wi(H)

Step |.Correlations between wave vectors

ke ¥ H = 3 (*ka|kn) 'k
kH

Step 2. Correlations between characters

N*ksi(G) =) (‘ka,i|"kH,) T]*kHj’P(H)

*|(|-|j



DATA ITAl: Maximal Subgroups

Transformation matrix: (Pp)

group G {e, g2, 83, ..., Giyooes8n-1, En}

1T
\l/ /(RP)

subgroup H<G {e, hy, hs, ...,hm}




BILBAO CRYSTALLOGRAPHIC SERVER

Problem: Correlations between
representations
of space groups

CORREL

Supergroup number: Please, enter the sequential number of group as given in
International Tables for Crystallography, Vol. A or choose it:

221

Subgroup number: Please, enter the sequential number of group as given in
International Tables for Crystallography, Vol. A or choose it: /\

99

Enter the transformation matrix below: A&C&)
L~

Rotational part /?\ﬁ Origin Shift
1 0 0 ( \$ 0
0 1 0 \ 0
0 0 1 0
Reciprocal basis primitive (CDML) ]
k vector data Coordinates K o k, s K, o

Label

group G
subgroup H

transformation
matrix

k-vector
data



CORREL: OUTPUT data

K-vector X :
in primitive basis
in dual basis

0.000 0.500 0.000
0.000 0.500 0.000

The star *X has the following 3 arms :
0.000 0.500 0.000
0.500 0.000 0.000
0.000 0.000 0.500

The star *X of the supergroup splits the following way
*X -=> 1 *S1 + 1 *S2

Star *S1 = *( 0.000 0.500 0.000)

Star *S2 = *( 0.000 0.000 0.500)



. CORREL: OUTPUT data

Correlations between representations

D(G){ H}

Reduction : (*X)(1l) = 1(*S1)(1) + 1(*S2)(1)
Reduction : (*X)(2) = 1(*S1)(2) + 1(*S2)(2)
Reduction : (*X)(3) = 1(*S1)(3) + 1(*S2)(2)
Reduction : (*X)(4) = 1(*S1)(4) + 1(*S2)(1)
Reduction : (*X)(5) = 1(*S1)(1l) + 1(*S2)(3)



DIRECT PRODUCT OF
SPACE-GROUP

REPRESENTATIONS



Problem: Direct product of
representations DIRPRO
of space groups

D(G):irrep of G D2(G):irrep of G

{Di(e), Di(g2),...,Di(gn)} {D2(e), D2(g2),...,D2(gn)}

Direct-product representation

DI® D; = {Di(e)®Daz(e) ,...Di(g)® Da(g) »--.}

Reduction

DX D>
B ——

PmDi(G)

Irreps
of G



Direct product of representations
of space groups

Direct product of space group irreps

D*i(G) ® D*2i ~ E} m;D*kp(G)
Step |.Selection rules of wave-vectors stars

ki ® k2 =3 (kitka|k)*k

"k
Step 2. Decomposition of direct product

N H(G) N 2(G) = 2 (Ckuiikaia|'k,p) N7-P(G)

*k



EXERCISES Problem 3.5.2.5

Consider the space group P4/mmm (No. [23)
and its k-vectors X(0 1/2 0) and DT(0 0.27 0).
Determine the wave-vector selection rules for

the product
*DT(0 0.27 0) ® *X(0 1/2 0).



BILBAO CRYSTALLOGRAPHIC SERVER

KVEC database s

The k-vector types of space group P4/mmm (123)

(Table for arithmetic crystal class 4/mmmP)

P4/mmm-Dgp,! (123) to P4a/ncm- D4p16(138)

Reciprocal-space group (P4/mmm)’, No.123

k-vector description ITA description
Wyckoff position
k-vector label Conventional basis
Multiplicity | Letter
GM 0,0,0 1 a -
© bilbao crystallographic server
Z 0,0,1/2 1 b
M 1/2,1/2,0 1 C DT 0,u,0 4 |
A 1/12,1/2,1/2 1 d U 0,u,1/2 4 m
R 0,1/2,1/2 2 e Y u,1/2,0 4 n
2 f T u,1/2,1/2 4 o]
D V,0 8
LD 0,0,u 2 g oY P
E u,v,1/2 8 q
Vv 1/2,1/12,u 2 h
C u,u,v 8 r
W 0,1/2,u 4 i B 00V 3 .
SM u,u,0 4 J F u,1/2,v 8 t
S u,u,1/2 < K GP U,V,W 16 u




BILBAO CRYSTALLOGRAPHIC SERVER

Problem: Direct product of
representations
of space groups

DIRPRO

Space Group Number: Please, enter the sequential number of group as given in

International Tables for Crystallography, Vol. A or choose it:

123

Reciprocal basis ‘ primitive (COML) Ex
/

k-vector 1 [ K K c

coordinates ] X 27 z " Label DT

k-vector 2 | K K c

coordinates ] x ° y 05 20 Label X

[ Get results ) OF ( Reset form )

group G

k-vector
data



OUTPUT dataJ

DIRPRO

Space-group data

oo

oo o oo o oo o o C
OO
| LSOO~ oo NOO~ woC
| o | —
oo
- oo 1_.00 400 - C
-oo
| 01_.0 01..0 o0 o -
coo
oo o coo oo o o C
MO O
MO O ~NO O - OO noc
I — | —
-o o
| - oo - oo - oo - C
| |
OO
OO OO OO O -
| [
Te)
. oo o =)
— oo oo oo o oo oo o C
()]
r .-
™ 0
o™ +$ m
— (0] NO O~ +
- = NO O VWOoOOo oo~ S OC
M~ Q Q | o | —
Q = OO m
) | o= O oo o= O o
m o — | |
-o o Q
= 0, | -o o - o -o o - C
- Q. | |
-~ (o] = |
- (@]
M D H
o~ P o
— Q ocooo oo o
W e (3] Q coo (=N =N oo o o C
« 4]
Q Q, «
Q. O ()] Q,
g ™ ()]
o Y OO noo~
=i (o] | W OO nNnNoo [« =N Mo C
oo O | | A
O - o-HO o0
Q -~ Q | ~ o0 oo o0 o -
(SRS Q | |
o P - oo - oo
0, | oo - oo oo - C
m 4 = = | |




[ k-vector and its star *k j ( DIRPRO: OUtPUt]

The star *DT has the following 4 arms :
0.000 0.270 0.000
0.000 -0.270 0.000
0.270 0.000 0.000
-0.270 0.000 0.000

The star *X has the following 2 arms :
0.000 0.500 0.000
0.500 0.000 0.000

Little group GX={(W,wi)|Wik=k+K, (Wiw) G}

The little group of the k-vector DT( 0.000 0.270 0.000) has the following 4
elements as translation coset representatives :

1 2 3 4
1 0 0 0 -1 0 O 0 1 0 0 0 -1 0 O 0
0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0
0 0 1 0 0 0 -1 0 0 0 -1 0 0 0 1 0

The little group of the k-vector has 4 allowed irreps.
The matrices, corresponding to all of the little group elements are :

Irrep (DT)(1l) , dimension 1
1 2 3 4
(1.000, 0.0) (1.000, 0.0) (1.000, 0.0) (1.000, 0.0)

Irrep (DT)(2) , dimension 1
1 2 3 4
(1.000, 0.0) (1.000, 0.0) (1.000,180.0) (1.000,180.0)




Reduction of the direct product

Wave vector selection rules :

*DT x *X = 1 *S1 + 1 *S2

Star *Sl1 0.000 0.770 0.000)

Star *S2 = *( 0.500 0.270 0.000)

Reduction : (*DT)(1l) x (*X)(1)

Reduction : (*DT)(1) x (*X)(2)

Reduction : (*DT)(1l) x (*X)(3)

Reduction : (*DT)(1) x (*X)(4)

Reduction : (*DT)(1l) x (*X)(5)

Reduction : (*DT)(1) x (*X)(6)

1(*S1)(1)

1(*S1)(2)

1(*S1)(3)

1(*S1)(4)

1(*S1)(2)

1(*S1)(1)

1(*S2)(1)

1(*S2)(2)

1(*S2)(3)

1(*S2)(4)

1(*S2)(4)

1(*S2)(3)

| DIRPRO: output |




