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Homomorphism

$(g)=h

mapping’ G={g} ———= — > H={h)

homomorphic  ©(gg’) = o(g)p(g’) for all g, g’ € G

condition
g o H
/&g —~o(g), p(g') ™\
product product
in G in H
Y \7¥ > \f
\ gg —— —¢(g8g’) /

o)

The set {g € G | p(g) = e} is called thelkernel of ©) denoted by ker ()
The set p(G) = {p(g) | g € G} is called the denoted by im(¢y)

homomorphism for which ker(y) = {e} is ca.ller a monomorphism.
SUT)ECLIVE

homomorphism for which im(¢) = H is called gurjective)or an epimorphism.
isomorphism

homomorphism which is both(injective and surjective)is called bijective



Isomorphism

W(g) W(g2)= W(gi g2)

Isomorphic -groups with the same multiplication table

groups

Example: 4mm {1,4,2,4!, mx, my, m+, m.}

P\ 2

422 (1,4,2,41,2,2,, 2+, 2)



Representations of Groups

group G {$’ 82, 83, -+ Sire-+ 180}
O \
v | \
D(G): rep of G {D(e), D(g2), D(g3),..., D(g),...,D(gn)}
D(gj): n X n matrices | =/
detD(g)#0 D(g)D(g)=D(gig)

dimension of representation

kernel of representation

Examples:

trivial (identity) representation

faithful representation



Homomorphism and Isomorphism

omomorehic (g )0(g)= 0l g

Example 4mm  {| 4 2 41 m,, my, m+, m_}

l \ )

-1} -1y Q



EXERCISE 2.6.1.1(a) Two-dimensional faithful
representation of 4mm

s AL 402, 4, me m, my, m)
— ¢ m
VA RN
1o |O]|-1| |-1]0 ),
0| 1 {o] (0] ’

Determine the rest of the matrices:

D(g)D(g)=D(gg))



Group G = {e, £, g3, ..., &/ Representation
Vector space V(0 {VI,V2,..., Vn}
Group of operators Pg: {Re¢, Re,..., Rak}

Rg(V+W)=R;v+R.w
RsAV=0R;Vv

Representation of G:  {e, g2, 83, ..., g/

\ / Rg|g2=Rg| RgZ

{Re, Rgz,..., ng}

homomorphic
G ——mppng —> Ra



Vector space V(™ {v|, v, .., Vn} Representation

G homomorEhic I RG

mapping
{e, 82, 83, coey gk} {Re, Rgz,..., ng}
Carrier space of R V() = V() | Pe-invariant
representatlon Space
Revi=2 viD(g)ii j=1,..,n

Basis vectors

Sl RV, Vo, o, VRYE{V, V2, .., VRID(8)

Matrix Dc={D(e), D(g2),..., D(gv)}

representation homormorbhic
Re —mappng—> Do



Equivalent Representations
of Groups

Given two reps of G:

D(G)=1D(g), g€ G}
D’(G)={D’(g|),g|€G} dim D(G)= dim D’(G)

equivalent representations D(G) ~ D'(G)

if 3S: D@=5'D(@S V&G

S:invertible matrix



Equivalent Representations
two sets of bases for V()
(er,ees3) and (e'),e2,e'3)= (e, ees3)P

two reps of G
Rq(e|,e2,e3)=(e,eres3)D(g), geG

R; (€'1,e2,e’3) = (e'|,e,,e'3) D'(g), geG
D(G) and D’(G) are equivalent, as:

R: (€'1,e2,e’3) = Rg[(el,e2,e3)P]
=(e,e2,e3)D(g)P
= (e’|,e’2,e’3)P-'D(g)P

D’(g)= P-'D(g)F geG



EXERCISE 2.6.1.1(b) 2-dim faithful representation of 4mm

In problem 2.6.1.1(a) we consider a
representation of 4mm with respect

< " " to the basis {a,b} of the type
-1,-1 -1,1 b’ O I I O
PE)= [T PMm™I= [o]
x x Determine the matrices of the
4 2’ representation of 4mm with
/ = Y \ respect to the new bases (a’,b’)
m, m.y m. Rg{a” b’}:{a” b’}D’(g)
{, 4 2, 4, my, my, m+y m}

N




Problem 2.6.1.1 (c)

Show that the representations D and D’of the group
4mm determined in problems 2.6.1.1(a) and 2.6.1.1(b)
are equivalent, i.e show that there exists a matrix S

such that: S-'D(g)S=D’(g), ge4mm.

2.6.1.1a: D@)= [ Dm)=

2.6.1.1b: D’(4)= P21 D'(mJ)= [




EXERCISE 2.6.1.2

The cyclic group C4 of order 4 is generated by the
element g. Two of the following three representations of
C4 are equivalent:

DI~ 5| D@ o] D[

Determine which of the two are equivalent and find the
corresponding similarity matrix. Can you give an argument
why the third representation is not equivalent?

Hint: The determination of X such that D’(g)=X-D(g)X
is equivalent to determine X such that XD’(g)=D(g) X,

with the additional condition, det X#0.



Reducible and Irreducible
Representations of Groups

reps of G: D(G)={D(g), gicG}
D(G) ~ D'(G) D(G) =S5'D(G)S

reducible and irreducible

=Di(G)
reps of G

D(G) if D(G) ~D'(G) =
reducible

D(G)~ miDi(G)®mD(G)®...omiDi(G)
69 miDi(G)




EXAMPLE Reducible rep of 4mm

{I, 4, 2, 4, my, my, m+ mj}

e 00 -11010| D(m-
p; my\D(4)<l>o-| SrIn (m.)
O|11]0 O|11]0
D(G)~ D|(G)®Dx(G)
D (4)=1I Di(m.)=-1I
D= o] D)=




Reducible representations and invariant subspaces

rep D(G) of G: D(G)={D(g), gi€G, dimD(G)=n}
carrier space: V(M {v|, v, ..., Vn}
Rg V) = V) P\gVFZ VjD(g)ji

reducible rep: D(G)~ D|(G)@D(G)

dimD(G)=n,

dimD>(G)=n>

invariant subspaces: R V()= V() Rgvi=) vDi(g);
Rc V(2) = V(2) R.wi=) W;,D2(g);

V)= Yh)eVY(n2)



EXAMPLE

0

Representation

D(C2)={

0

0

reducible

0

Group Cy={e,g}

Carrier space

) F2{e| e}
] invariant
X= 1| - subspaces

D’(Ca)=X-! D(C2) X

D’(C2)={

0

V) W ()

0

} {e | +e2} {e | -92}




Representations of Groups
Basic results

Schur lemma |
irreps of G: D(G)={D\(g), g€G}
D2(G)={D2(g), g€ G}

if 4 A: D|(G)A = A D2(G)

then { dim D|(G) =dim Dy(G), det Az0

Di(G) ~ D2(G)



Representations of Groups
Basic results

Schur lemma |l

irrep of G:  D(G)={D(g), gieG}
if 4 B: DI(G)B =B DI(G)
then B=cl

Problem: 2.6.1.3 (ii)

Irreps of Abelian groups are one-dimensional
WHY?



Problem 2.6.1.3

(i) Determine the general form of the matrix B that
commutes with the matrices of all elements of the
2-dim irrep E of 4mm

Exercises

E(g)B = B E(g), ge4mm (¥)

where E(4)=

0

0

Hint: To determine

E(my2)=

generators of 4mm

(ii) Show that the irreps of Abelian groups are one-

dimensional

0

0

it is sufficient to consider
the commuting equations (*) for the




Representations of Groups
Basic results

number and dimensions of irreps
number of irreps = number of conjugacy classes
order of G =) [dimDi(G)]?

great orthogonality theorem

irreps of G: D /(G), D2(G),
dim D (G)=d

G
> Di(g)i Dalgs = - 512540
8



Problem: 2.6.1 .4 Exercise

|. Determine the number and dimensions of the irreps
of 222.

Can you write down the irrep table of 222?



Problem: 2.6.1.4 (cont.) Exercise

2. Determine the number and dimensions of the irreps
of 4mm.What about the irreps of 422! And of 4/mmm!

3. Determine the number and dimensions of the irreps
of 3m.What about the irreps of 32? And of 3m!?



CHARACTERS

OF
REPRESENTATIONS




Characters of Representations
Basic results

character n(g) = trElCG[D(g)FZ D(g);i
Properties DI(G) ~ D2(G)(_) nl(g)z T]Z(g),gEG
gl ~ 82 —> nl(g)z T'IZ(g),gEG

orthogonality

| &
roOws Z Ni(g) N2(g) = O
G|
|
columns —— 3 1y(C)Ne(C) Gl = Bik

Gl p



Character Tables

Finite group G: r conjugacy classes {e}, {g2,..., 8k},---,{8", ...}
r irreducible representations D;i(G)

upi(G)={upi(e), uoi(g2), -.., UDI(gr)}

Character Table of G: r x r matrix X=X(G)
Xij= upi(gj)

rows: irrep labels (Mulliken, Bethe)
columns: conjugacy classes

Additional data: order of the elements
length of conjugacy classes

basis functions



Problem 2.6.1.5

Character table of 4mm

Determine the characters of the irreps of 4mm and

order them in a character table

-1,-1

1 2 447 'mymyemym_

[m_

1 2 44 'mymyemym_
2 14714 mym_mymy4
44712 1 mymym_m,
U=t 4 1 2 m_mymym,l
mzmym_my 1 4712 4
mym_mzm, 4 1 471 2

mymzmim_ 2 4 1 471
[m_m+mymx4—1 2 4 1

Multiplication table of 4mm




Problem 2.6.1.5 (cont) Characters of Representations

Character table of 432

| *
rows | —— ) mi(g) nxg) = dn
G| ¢
| %
columns —— 2 N,(C)Np(Cw) |Cjl = Oik
Gl b
class length |1 3 6 8 6
element order | 1 2 2 3 4
_ 22 220 3;93:5 4j
Aq 1 1 1 1
Ag 1 1 —1 1 —1
E 2 2 2 2?2 ?
T 3 -1 -1 0 1
15 3 —1 1 0 -1




Characters of Representations

reducible rep  D(G)~ miDi(G)emDz(G)®...@miDi(G)
D mDi(G)

magic formula

| k
mi = — > N(g)Ni(g)
G| g

irreducibility __|_Zm(g)‘2 = |
criteria |G| g



Problem 2.6.1.6 rreps of 222 %% # 12,2, 2,

Consider the group 222 and its irreps.

Show that the following matrices e
form a representation of

222 (D3) that is reducible:

I 0 0 I
D(e)=D(2,)= T D(2,)=D(2,)= —

|. Decompose the reducible representation into irreps of 222

2. Determine the matrix S that transforms the matrices of
the reducible representation into direct sum of irreps.

Hint: D(G)S=S[(PmiDi(G)]




Problem 2.6.1.8

Consider the character table
of the irreps of the group 422.
The characters of reducible
representations DI, D2 and D3
of 422 are given at the bottom
of the table.

Determine the decomposition
of the reps DI,D2 and D3
into irreps of 422,

Hint: ‘magic’ formula

| k
mi = —— > N(gNi(g)
G| g

D, (422)

Mult.




DIRECT PRODUCT

OF
REPRESENTATIONS




Direct-product (Kronecker)

product of matrices

(A X B)Ik]l —A||B|<I

0B
| B

(-1)B
0B

(0 0 —1)
1 0 0

\ 0 -1 0

[0 0 O 001\
0 0 0|-1 100
0 0 0|0 10
0 0 —1/0 00
1 0 0[]0 0O

\ 0 —1 0 000)




Properties of the Kronecker .
product (A® B)I|<,]| AljBkI

dim (A ® B) = dim(A) . dim(B)
tr( A @ B)=tr(A). tr(B)
(A X B)(CXD)=(ACXBD)

dim A=dim C=n
dim B=dim D=m



Problem 2.6.2.1 Kronecker product

Calculate the Kronecker products A ® Band B ® A
of the following two matrices

What is the trace of the matrix A ® B!
And of B ® A ?



{ Direct product of representations }

D (G):irrep of G D2(G): irrep of G
{Di(e), Di(g2),...,Di(gn)} {D2(e), D2(g2),... ,D2(gn)}

Direct-product representation
DI ® D; = {Di(e)®Da(e) ,...,Di(g) R Da(g)) »---}

Reduction
D X D, Irreps
——— of G
E}miDi(G)
| K
m; = —‘-— zrll(g) N2(g) Ni(g)

G| g



Direct product of representations

D(G):irrep of G D2(G):irrep of G

V(h) {V| ’ v2’ °°*) Vh} W(k) {wly W2, °eey Wk}

Direct-product representation

DI® D, = {Di(e)®Da(e) ,..,Di(g)® D2(g) »---}

Carrier space
VHh @ WK {V|W|, V2 Wi, ..., ViWj,.., VhWk}

RgViWi=2 ViWm(D1® D2)(g)m



Problem 2.6.2.2

Determine the multiplication table of the irreps of 4mm

DI ® Dy~ (OmDi(G) N(Di® D2)(g)= Ni(g) N2(g)

S
mi = —— 3 M) Na(e) Ni(g)
G| g
Cydmm) # 1 2 4 m, m,
Mult. 11 2 2 2
Ay Ty11 1011
A, Ty 111 -1 -
B1 r31 111 1 -1
B, M, 111 -1 1
E ;220 0 0



Problem 2.6.2.2 Direct-product
representation

Determine the multiplication table for the irreps
of the group 3m

| . |
mi = Gl >N naAg) nifg) GG # 13 m

g Mult. | - 1/2 (3
Ar T 1011
A, T, 101 -1




Symmetrized and anti-symmetrized squares

V {vi,vy.., Vs :D(G)

VRV {vivi, VoV, ..., ViVj,..., VhVp}
symmetrized square [V]% vVv'=VV

basis [V]2 {VivitV)v; | <i<j<n}

dim [V]%=1/2n(n+1)
anti-symmetrized square {V}2: vv’= =v'v

basis {V}2 {Viv;-VjV;, | <i<j=n}
dim {V}2=1/2n(n-1)



Symmetrized and anti-symmetrized squares

V{vi, vy .., V.}: D(G) rep of G:
character of D(G): pu(G)={u(e), u(g2), ...,H(gn)}

symmetrized square [V]% [D(G)]?

character of [D(G)]% [u(g)]*=1/2(u2(g)+u(g?))

anti-symmetrized square {V}2: {D(G)}?

character of {D(G)}2: {u(g)}2=1/2(p2(g)-u(g?))



Problem 2.6.2.3 Symmetrized and
anti-symmetrized squares

Calculate the characters of the symmetrized and
anti-symmetrized squares of the two-dimensional
irreps of 4mm and 3m.

If {E}2 and/or [E]? are reducible, decompose them

Into irreps.
Csldmm) # 1 2 4 m, my

C_am) : Mult. - 11 2 2 2
#|1/3 'm
o _ Ay Ty 111 1
Mult. |- 1/2 3

: A, T, 111 -1 -
A Ti11 11

: B, My 1/1 -1 1 | -1
A, {TH 1)1 |1 .




REPRESENTATIONS
OF

FINITE ABELIAN
GROUPS




{Representations of cyclic groups J

p—1

G=(9)=19,9°, 9", .} [¥(g") = exp(2mik)

n

g =€ p=1,....n

n

Point Group Tables of C6(6)

. Character Table
Point Group Tables of C (4) " .
4 C6(6) # Eleg" 3723 |6 functions
Character Table A l‘1 101 (1 (111 z,x2+y2,z2,JZ
C) | # 1|24 |4 functions

2.2 2
A (Tol1(1]1]1 Z X4y 2%
1 z E a1 W (W21 |W |w? e )
B I'2 111 1-11-1 )(2_)(2’)(y 2 l'2 1 w2 w |1 w2 W y Xy
r || 4 r 21w |1 w2 | W
4|11 -1 [ 1 | e (xzvz) () J E, |5|1|w (%,y).(xz,y2),(J_,J.)
E r3 1 1 1J 11 (!Y)!( ,y )l( X’ y) 1 r6 1 -W W2 _1 W ‘W2 XYy

Examples: 1|,2,3,4,6,T)



Direct-product groups and
their representations of

Direct-product groups

G ® G2 = {(g1,82), g81€GI, £26 G2}
(g81,82) (81,82)= (8181, 8282)

G, ® {l,1} group of inversion

Irreps of direct-product groups

G G2 > G e G2
Voo |

D D> DX D2
{Di(e)® D2(e) ,...,Di(g)® Da(g)) »---}




Problem 2.6.2.4 (1) Irreps of 222=2®72’

Irreps of 2

Irreps of 222




Problem 2.6.2.4 (2)  lIrreps of 4/mmm=422x |

Determine the character table of the group
4/mmm=422®1 from the character tables of

groups 422 and |

D,(422) | # [1]2 |42 |2, ]

Mult. |- (1]1]2(2]2]




Representations of finite Abelian groups

cyclic groups

direct product of
cyclic groups

Finite Abelian groups {

A B —> A X B
2.2 {bb2...br} {@mbn)} mz}-s

l l |

Dp(am),p=0,1,...s-1 Da(bn), q=0,1,..,~-1 DP(a™) ® Da(b")

exp(—i2mm) P exp(—i2mn) g
S

Dp,q(am, bn): emp(—iQWm)Z—S? €£Ep(—i2ﬂ'n)

P=O’ I yoesy O~ I q=0, I I I

4
r



Problem 2.6.2.4 (cont)

3. Determine the character table of the
group 4/m=4®2 from the character tables

of the cyclic groups 4 and 2.

4. Determine the character table of the
group 6=3®2 from the character tables of

the cyclic groups 3 and 2.



SUBDUCED
REPRESENTATIONS



SUBDUCED REPRESENTATION

D(G): irrep of G

group G
{e,82,83 .., 8,8} {D(e), D(g2), D(g3),.... D(g),... .D(gn)}
L/ / |
{e, hy, h3, ..,hm} {D(e), D(h2), D(h3), ...,.D(hm)}
subgroup H<G {D(G){ H}: subduced rep of H<G
Subduction
S-H{D(G){H}S irreps
——— of H
E}miDi(H)




SUBDUCED REPRESENTATION

{D"(g9;)} = D"(G) | H: reducible in general

1. Decomposition of D"(G) | H
D"(G) | H ~ @&m; D' h), heH.

(PG L) =5 m: (D' (1))
m; = ] 2 Zx (h)x'(h)*
2. Subduction matrix

S~ 1 (D" | H)(h)S = @&m; D'(h),h € H.




Problem 2.6.2.5

Let E be the 2-dimensional irrep of 4mm:

4 — 0 —1 . — —1 0
{1 o)t 0 1 /°

1. Is the subduced representation E | 4 re-
ducible or irreducible 7

2. If reducible, decompose it into irreps of
4.

3. Determine the corresponding subduction
matrix S, defined by

S~ L1(E|l4)(h)S =@m;D'(h), he 4.



EXERCISES

Point Group Tables of C 4V(4mm)

Character Table

Problem 2.6.2.5

Point Group Tables of C 4(4)

Character Table

C,4) 2 4% |4 functions

A 101 (12X

B 111 (-1 x2-y? xy
“T1-111 [ (xy), (xz J ,J

L 1145 |1 (x.y).(x2.yz).(,.J,)

C, (4mm) 112 |4 |m |m, functions
Mult. 111]2]2 |2
A, 11111 2.x2+y2, 22
A, 111 (1 [-1 -1 J,
B, 101 (1] 1 |-1 x2-y?
B, 101 [-1]-1]1 Xy
E 2(-2(0 |0 |0 |(xy)(x2yz).(.J)




INDUCED
REPRESENTATIONS



{ INDUCED REPRESENTATION J

Group-subgroup pair G > H; Irrep DI(H)
G=HUgoyHU ... Ug,H

Induced rep of G: The set of (rdxrd) matrices

' DI(g:1g9g,): if g-1gg,=nh
DI’,ld 4 | — < m/ n’ ’S . T} nl
(D) mt.ns = | 0 if 9199, ¢H

DInd(Q)mt,ns =M (g)m,n D/ ( h)t,s




INDUCED REPRESENTATION

Induction matrix M(g) Induced representation DInd(g)
monomial matrix super-monomial matrix




EXAMPLE Problem 2.6.2.9

Determine representations of 4mm induced
from the irreps of {l,moio}.

1 1 2, 4, 4,7 | Mgy My, Mgy Myg

2, | 2, 1 471 4, My, Mg, Mgz Mgy .

el a2 1 my ome om. m.| Notation:
471t 4t 4, 1 2, | myz myy my, my, m0|0=mXZ
Mgy || Mgz My Mgz My 2, 4;1 4,




Hint to 2.6.2.9

Step |. Decomposition of 4mm with respect to the
subgroup {l,mx}

Step 2. Construction of the induction matrix

M(2)mn= | if gm'ggn=h
g)mn— ,
0 if gmlggneH
4 Em & 7_n.1 g 7_711 g &n h = jwm:n. 7é 0
Em &8n
1 1 1 1 1 1 1\/[11
My, My, My, My, 1 Moo




EXERCISES Problem 2.6.2.7

Construct the general form of the matrices of a
representation of G induced by the irreps of a
subgroup H<G of index 2.



