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Homomorphism and
Isomorphism

D(g)=g’
G={g}——— > G'={g}
O:G— G
h hi _
e P(g)P(g2)= P(g g2)
Example: 4mm {1,4,2,4', myx, my, m+, m.}

l \ ,

-1} -1y <
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[ Isomorphism j

Y(g1) Y(g2)= Y(gi g2)

Example:4mm  {I,4,2,4', mx, my, m+, m.}

L\ 2

422 {1,4,2,4',2,,2,,2+,2.}




Representations of
Groups

group G {€, 82, 83, 1 8w+ 18}
O

D(G):rep of G {D(e), D(g2), D(g3),..., D(g),-- ,D(gn)}

D(gj): nxn matrices D(g)D(g)=D(gig))
detD (g,) +0

Example: trivial (identity) representation

faithful representation
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EXERCISES

Two-dimensional faithful
representation of 4mm

{, 4, 2, 4, my, my, m+ m}
110 0 |-l -1 0 )
0| | 1| 0 0| °

Determine the rest of the matrices
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Representations of

Groups

equivalent representations

reps of G: D1(G)={Di(g),g€G} D2(G)={Da(g), gicG}

dim D|(G)= dim D>(G)

Di(G) ~ Dy(G)if 3 S: Di(G) = S'D2(G)S

reducible and irreducible

D(G)
reducible

if D(G) ~ D’(G) =

= Di(G)
reps of G




Representations of Groups
Basic results

Schur lemma |

irreps of G: Di1(G)={D1(g), g€G} D2(G)={D2(g), gicG}
if 4 A D|(G)A = A D2(G)

then { dim D (G)=dim Dy(G), det A0

D(G) ~ D2(G)
Schur lemma |l

irrep of G: D1(G)={D(g), gicG}
if 3 B: Di(G)B =B Di(G)

then B=cl

irreps of abelian groups one-dimensional
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Representations of Groups
Basic results

number and dimensions of irreps
number of irreps = number of conjugacy classes
order of G =) [dimDi(G)]?

great orthogonality theorem

irreps of G:  D(G), D2(Q),
dim D(G)=d

> Dig)i Dafgse = - O10idi
8
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Representations of
Groups

-

example abelian group
irreps of 222 (2:)?=(2i 2))*=1
[D(2)]2=D[(2 2)]>=D(1)=|
D(2i)==|
Point Group Tables of 02(222)

Character Table

D,(222) | # |12, |2, |2, |functions

A (T 11 1] x3y222

B, [M11]1[-1]1] zXvd,

B, Ta1]-1]1 1] yx2d,

B Col11-11-111 x,yz,Jx
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Characters of Representations
Basic results

character n(g) = t"ace[D(g)Fz D(g)"
Properties . b (G) ~ Dy(G)<«—> Ni(g)= N(g), geG
g~ g <«—> Ni(g=NAg)gel

orthogonality

|
rows > Y]T(g) Nag) = On
Gl g
|
columns  —— 3 ny(C)NH(CICil = Bik

Gl p
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[ Characters of Representationsj

example: 422

FOwWS

I K
— | p— ESI
G % Ni(g) N2(g) 2

columns

I
<l > Ne(C)Np(Ci) |Gl = B
D

Point Group Tables of D 4(422)

Character Table

D 4(422)

2

4

functions

Mult.

1

2

1

1
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[ Characters of Representationsj

reducible rep D(G)~ miDi(G)®emDy(G)@®...@miDi(G)
D miDi(G)

magic formula

| k
= —— D n(gni(g)
G| g

irreducibility > In@P =
criteria ‘G|
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n

Representations of cyclic groups

(9) ={9.9° .-.g

Point Group Tables of C 4(4)

Character Table

C,4) 2 4" |4 functions

A 101 (1| 2w,

B 1]-1]-1 X2y xy
T o), (xzy2), (4,

E 414 |- (x.y).(xz,yz).,(J,.J,)

k

s TV

I'?(g") = exp(2mik)
p=1,...

p—1

n

Point Group Tables of C6(6)

Character Table
C,(6) 312 |3 |6 functions
A 1111 [ 1| 2w,
;) 1|11 -1
wo 1| W
B witl2lw | )
E w 1 w2 -w b b H ) H
4 W21 Lo (x,y).(xz,yz) (Jx Jy)
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Direct-product groups and
their representations of

Direct-product groups

G ® G2 = {(g1,82), 81€G1, 226 G2}
(g81,82) (8'1,82)= (8181, 8282)
G ® {I,1} group of inversion

Irreps of direct-product groups

G G» G X Gy

D D> D1 X D>
{Di(e)® D2(e) ,...,Di(g)® Da(g)) »---}




Point Group Tables of D 4(422) Point Group Tables of D, (4/mmm)

Character Table Character Table
D,422) | (1]2 |4 |2 |2, functions L) JG, functions
Mult. (- (1]1]|2|2)|2 - Mult.
AT, x2+y2 72 A, g x2+y? 22
A, T z,J Aog J;
By |2 x>y Biq x2-y?
82 l'4 Xy 329 Xy
E g 0 | (xy)(xz.yz).(J .J) 3 (ey2)J )
A1u
. Ay z
Point Group Tables of Ci(-1) .
1u
Character Table B,
C(1) # ‘1 -1| functions E 3)
Ag I'1+ 1 x2,y2,22,xy,xz,yz,Jx,Jy,Jz

X,¥,Z
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Direct product of representations

{Di(e), Di(g2),...,Di(gn)} {D2(e), D2(g2),... ,D2(gn)}
Direct-product representation
Di® D; = {Di(e)®Dzf(e) ,...,Di(g)® Da(g) »-}
- Reduction
DX D2 irreps
— of G

E}miDi(G)
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Direct-product (Kronecker)

product of matrices

(OB (1)3)
AR B =
1B 0B

(A ® B)ikji =AiiBi

N(A® B)(g)= na(g) Na(gi)

[0 0 —1)
1 0 0
\ 0 -1 0
[0 0 0[O0 0 1)
0 0 0 /|—=1 0 0
0 0 0[]0 10
0 0 —-1[0 0 0
1 0 0|0 00
\0 -1 0|0 0 0)
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Point Group Tables of C, (4mm)

Character Table

Csupldmm) # 1 2 4 m, my functions
Mult. - 1.2 2 2

Ay 1101011 zx2+y? 72
Ay T 111 -1 -1 J,

B, Fg/1(1/1 1 -1 x2-y2

B, F,/1/1 -1 11 Xy

E 5220 0 0 (xy.xzyz))

Multiplication Table
C4/(@4mm) A, A, By B, E
A, A, A, B, B, =
A, A, B, B, =
B, Ay A, =
B, A, E
E A+A,+B,+B,
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EXERCISES Problem |

Direct-product representation
DX D; = {Di(e)® D2(e) ,...,Di(g)® D2(gi) e

D1 ® Do~ pmiDi(G) n(D:i® D2)(g)= n(g) n(g)

| k
o 2.
mi = Zn(g) n'(g) Point Group Tables of C, (4mm)
G| g
Character Table
Cydmm) # 1 2 4 m, my functions
Mult. -111 22 2
. A, 111 1 1 z,x2+y2,22
Decompose the direct RN 3
product representation By N1 11 4y
EXE into irreps of 4mm i A o e "

E 5122 0 0 0 (xylxzyz)(l,.d)
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SUBDUCED REPRESENTATION

D(G):irrep of G
n} {D(e), D(g2), D(g3),..., D(g),...,D(gn)}
v
{D(e), D(h2), D(h3), ...,.D(hm)}

SYD(G)IH}S
—_—
PmiDi(H)

Irreps
of H




SUBDUCED REPRESENTATION

{D"(g;)} = D"(G) | H: reducible in general

1. Decomposition of D"(G) | H
D"(G) | H ~ @&m; D' h), heH.

(BTG L) =5 m: x(D'(H))
m; = IHI Zx (h)x'(h)*
2. Subduction matrix

S~ 1 (D" | H)(h)S = @&m,; D*(h),h € H.




EXERCISES Problem |

Let E be the 2-dimensional irrep of 4mm:

4 — 0 —1 . — ~1 0
{1 o)t 01/

1. Is the subduced representation E | 4 re-
ducible or irreducible 7

2. If reducible, decompose it into irreps of
4.

3. Determine the corresponding subduction
matrix S, defined by

S~ 1 (E|l4)(h)S =om;D'h), he 4
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EXERCISES Problem |

Point Group Tables of C, (4mm) Point Group Tables of C,(4)
Character Table Character Table
C,l4mm) | # 1112 |4 |m |m, functions C,4|#|1(2 |4 |4 functions
Mult. |- (1]1|2]|2 |2 NUIACIEEERE Z,x2+y2,22,,;z
Ap Ty 1)1 ] 1 242 2°
1 1 ZX ty z
Y B [fpf1)1]-1]-1 x2-y2 xy
A, (T[] [-1]-1 J,
e |41 oy, )
By Tt 1 ]-1]1 |- x2-y* M (1)1 1 |1] Xy
B, [T (1|1 [-1]-1]1 Xy

E |F5|2]-2|0 |0 |0 |(xy)(zyz).(J.J)
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Conjugate representations

conjugate representation

GDBH: DS(H)={D5(g'hig), hicH, gcG,g¢H}

H= {e9 h29 h39 ey hi"" ’hn}

{D(g'eg), D(g''h2g), ... ,D(g 'hng)}

{D(e), D(h2), ,D(hn)}
DS(H)= {D(e), D(h"2),....D(h"n)}
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[ Conjugate representations j

properties

CONJUGATE REPRESENTATION
(D*(H))g ={D*(g" ' hg), heH},
whereg € G, g ¢ H
1. dim(D*(H)) = dim((D*(H))qg);
2. (D3%(H))g is an irrep if D%(H) is.
3. Equivalent or nonequivalent conjugate rep

(DS(H)M{ B
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{Conjugate representations and orbits}

Group—normal subgroup pair g > H
g=HUgoHU ... Ug,H

ORBIT OF CONJUGATE REPS
O (D*(H))={D*(H), (D*(H))gz,---» (D*(H))g,},
where g € G
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EXERCISES Problem 2.

Point Group Tables of C 4(4)

Character Table

C,4) s functions . . .
P P P (i) Consider the irreps of the
A 1111111 z Xty z°J, . . .
— group 4 and distribute them into
B r2 1‘1 -1 -1 xz-yz,xy

ARNAMM orbits with respect to the group
3 eneaya o) 479

Point Group Tables of 02(222)

Character Table

D,(222) | # |12, |2, |2, |functions .. . .
—— - (i) Consider the irreps of the group
A 1111111 xey5z ] . . .
NANORARED 222 and distribute them into orbits
B, |Fp[1[-1]1 [-1] v, with respect to the group 422

B Cal1 (11111 | Xyzd,
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SOLUTION Problem 2(i).

Distribution of the irreps of 4 into orbits of
conjugate irreps relative to 422

- Coset decomposition of 422 relative to 4
422 = 4J 2.4

- Conjugation of 4 under 2,
2-14,.2, =471, 2-12.2, =2,
- irreps of 4 and their conjugates by 2.
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SOLUTION Problem 2(i).
4 |1 4, 2, 471 |4 1 4, 2, 471
/1 1 1 1|[(Ty)o /1 1 1 1
(1 -1 1 —1/|(F2)p, |1 -1 1 -1
3|1 i -1 —i||(F3)p, |1 —i —1 i
a1 —i —1 i1 (Ta)p |1 i =1  —i

- Orbits of irreps of 4 relative to 422
-1 and ' - selfconjugate;
-{I"3, 4} - orbit of conjugate irreps.
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SOLUTION Problem 2(ii).

Distribution of the irreps of 222 into orbits
of conjugate irreps relative to 422.

- coset decomposition
422 = 222U 4., 222

- conjugation of 222 under 4.
4712, 4, =2, 4;12,4, = 2,;
4712, 4, =2,.

- Irreps of 222 and their conjugates by 4.
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SOLUTION Problem 2(ii).

2221 2, 2, 2.|[222 1 2, 2, 2.
L |1 1 1 1| [ (T |1 1 1 1
> |1 1 -1 -1 (M), |1 =1 1 —1
r3 |1 -1 1 -1 [(M3)s. |1 1 —1 —1
s |1 -1 -1 1| (Mg |1 -1 -1 1

- orbits of irreps of 222 under 422
{rl}a {r27 |_3}, {|_4}
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{ INDUCED REPRESENTATION J

Group-subgroup pair G > H; Irrep DI(H)
G=HUgoyHU ... Ug,H

Induced rep of G: The set of (rdxrd) matrices

D9t 99)ts if9tag,=h
\ 0 if 9t 99, ¢ H

M (Q)m,n Dj(h)t,S

A

Dlnd(g)mt,ns

Dlnd(g)mt,ns
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INDUCED REPRESENTATION

Induction matrix M(g) Induced representation D'"d(g)
monomial matrix super-monomial matrix
gl | 82 e | 8r | 2 r
g0 | 1| (0110 gr 1 0~|D'(h) O 0
10 (0|0 |...| | g2 0|1 0| 0| .. |Dh)
| Dl(h)
glo(0|1|-]0O g |0 [0 Dhy. | O
| if gm'ggn=h
I\/I(g)ml‘l= . -
0 if gn'ggngH
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EXERCISES Problem 3.

Determine representations of 4mm induced
from the irreps of {I,m,}.

4mm 1 2., 4, 4, 1 my, My Mgy Mz
1 1 2 4 4. 1 Mgz Myz Mgy Mgz
2 2, 1 4, L 4, Myz Mgz Mgz Mpg
) N ion:
4 4: 4 1 b, 1 Myz Mgz My, My, Otatlon.
43 1 43 ] 4: 1 23 Mgz Mgy Mgz My, m)I:mXZ
My Mgz Myz Mgz Mgy 1 2: 4_] 4:
Myz || Myz Maz Mae muz| 2, 1 4, 47!
Mg || Mye Mgz Mg, My 4 4! 1 2
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Hint to Problem 3.

Step |. Decompostion of 4mm with respect to the
subgroup {l,mx}

Step 2. Construction of the induction matrix

M(g)mn | if gm'ggn=h
g)mn= . ]
0 if gn'ggneH
g Em & 7_n.1 g 7_711 g 8n h= jwm:n. 7é 0
Em &8n
1 1 1 1 1 1 M4
My, My, My, My, 1 M9
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SOLUTION Problem 3.

Example: Determine representations of 4mm induced
from the irreps of m

Step |. Decompostion of 4mm with respect to the
subgroup {l,my}

4mm= {I,myjumy; {l,mx}u4; {I,mx}umxx {I, My}

coset representatives  {l, myz,4;, My}
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Step 2.

M= {

SOLUTION

if gm'ggn=h
if gm'ggngH

Problem 3.
Construction of the induction matrix

4mm 1 2. 4. 4, " my. My. Mgy Mz

1 1 2, 4. 47' | mg. my. mpp muz

2, || 2. 1 4, L4, My> Mgz Mgz Mg

4, 4. 4;_1 2, 1 Myy Mgz Myz Mg,
4! 4;1 4. 1 2, | mgz Mgy My, my:
Myz || Mgz My Mgz Mgy 1 2, 4 : ] 4.
Myz || My Mgz Mgz Mgz | 2 1 4, 4. :
m.l'-l m.l'il' mJY.T mJ‘: my 43 4:;_1 1 2:

Mgz || Mgz Mgz Myz Mg, 4;_1 4., 2, 1

g | &n &m E&m'E& &n | h=  Mu#0
Em &&n
1 1 1 1 1 1 M4
My, My, My, My, 1 Mo
4, 47" 47 4, 1 M3
Mgz Mgz Mgz Mgg 1 My
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g gm g;?l g;zl 4 gn. h = AImn 9& 0

SOLUTION g 8 8

1 1 1 1 1 1 M,
Problem 3. Myz My Myz mys | M2
4. 4.;' 4;' 4, 1 Mass
Myz Mgy Myx Myr 1 ‘Il |
My 1 1 Mg 1 Mg M
My. My, 2. m,,. My Moo
4: 4:_1 my+ M5 1 11\134
. . Mz Myer 4~ l 4v 1 .'\"'1.43
The induction ,.
my. | 1 1 My, My, 1 M,
matrix for the me me 1 1| I M,
° o 4 Z 4 l m_[_r 4 A m_l';’ *RIB.';
induction of reps
Mgz Mgz 4: Myx My \IH
of 4mm from .| 1 1 4. m-| m. M,

il‘l’ePS Of { I ,mXZ} Myz My Mgz 4 Mz Mys

4, 47" 1 1 1 M3,
Myz Mgz My, My 1 Mo
myz | 1 1 Myz Mgy 1 M4
My, my, 4, l 4, 1 Moa
4 9. 1 My my 1 M3jo
Myz Mgz 1 1 1 My,
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SOLUTION
Problem 3.

Matrices of the
induced
representation
for some of the
elements of
4mm

D_[nd(l) -

/ D“] ( My
0
D{”d(m.r;) .
0
\ 0
[ 0
D' (1
D{’lll(771-,,;;) — . )
‘ 0
\ 0
[0
0
Df‘lit1(4") _ ‘
- DY(1)
\ 0

0 0 0 \
DY (1) 0 0
0 DY (1) 0
0 0 DY) )
) 0 0 0 )
D"(m,.) 0 0
() 0 D'"(1)
0 DY (1) 0 )
DY(1) 0 0 \
0 0 0
0 D"(m,.) 0
0 0 D (m,.)
() () DY(m,.) \
0 D" (m,.,) 0
0 0 0
D(1) 0 0 )
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LITTLE GROUP AND
LITTLE-GROUP
REPRESENTATIONS

~

LITTLE GROUP G~:

Group-normal subgroup pair G>H; Irrep DS(H)
GE=G°(D*(H)) ={9€G:(D*(H))g ~D*(H)}

Gg>Gg5p>H.

ALLOWED IRREP OF THE LI
D/ (G5(D%(H))) | H > D3(H)

[ L

E GROUP:




INDUCTION THEOREM

1. Let D/(#) be an irrep from the orbit O(DJ(H))
with the little group G/(DJ(H)) relative to
G. Then each allowed irrep D™ (G (D7 (H)))
of G/(DJ(H)) induces an irrep DI"4(G), whose
subduction to # yields the orbit O(DJ(H)).

2. All irreps of G are obtained exactly once if
the procedure described in 1 is applied on
one irrep DJ(H) from each orbit O(D7(H))
of irreps of H relative to G.
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ADDITIONAL

miércoles 24 de junio de 2009



Point Group Tables of D,(422)

Character Table

D,(422) # 2 4 2, 2, functions
Mult. | - 122 2 .

Ay Ty1/11)1 1 x2+y2 72
Ay Tz1 111 -1 z,J,

B, P 111 41 x2-y2

B, I, 1111 Xy

E 52-20 0 0 (xyxzyz),.d)

Multiplication Table
D,(422) A, A, B, B, E
A, Ay A, By B, E
A, A, B, B, B
B, A, A, =
B, A, E
E A+Agy*B B,

miércoles 24 de junio de 2009




The k-vector Types of Group 99 [P4mm)]

( Table for arithmetic crystal class 4mmP )

(P4amm-C,, 1 (99) to P4,bc-C, B (106))

Reciprocal-space group ( P4mm )*, No. 99

Brillouin zone

k-vector label (Wyckoff position Parameters

CDML ITA ITA
GM (0,0,0 1 |a [4mm 0,0,z: z=0
Z |0,0,172 1 |a [4mm 0,0,z: z=1/2
LD (0,0,u 1 |a [4mm 0,0,z: 0<z<1/2
LE (0,0,-u

1 2. 0<z<1

(E+SM+LD+2 a [dAmm 0,0,-z: 0<z<1/2
Z,2] 1 |la [4mm 0,0,2; -1/2<z<=1/2
M [1/2,12,0 1 |b [4mm 12,112,2:2=0
A (121212 |1 |b |[4mm 12,112,2.2z=112
vV |1/2,12,u 1 |[b [4mm 112,1/2,z: 0<z<1/2
VA |[1/2,1/2,-u .
VA+M+V+A 1 |[b |[4mm 12,112,-z: 0<z<1/2
[ALA] 1 |b [4mm 0,1/2,z;: -112<z<=1/2
X 10,42,0 2 |c |2mm. 0,1/2,z:z=0
R 0,1/2,1/2 2 [c |2mm. 0,1/2,z: z=112
W 10,12,u 2 |c |2mm. 0,1/2,z: 0<z<1/2
WA |0,1/2,-u _
WA+X+WeR 2 [c |2mm. 0,1/2,-z: 0<z<1/2
[R,R] 2 [c |2mm. 0,1/2,z: -1/2<z<=1/2

SM |u,u,0 4 |d |[.m X, X,2: 0=z<x<1/2
S |uu1/2 4 |d |.m XX,z 0<x<z=1/2
C  |uuyv 4 |d |.m x,X,2: 0<x,2<1/2
ICA |uu,-v
4 . ~Z: 0<x,z<1
|CA+SM+C+S d [.m X,X,-2: 0<x,z<1/2
[2Z,AA] 4 |d [.m x.X,z: 0<x<1/2, -1/2<z<=1/2
DT [0,u,0 4 le |.m. 0,y,z: 0=z<y<1/2
|U 0,u,1/2 4 e [.m. 0,y,z: O<y<z=1/2
B |0uv 4 le |.m. 0,y,z: 0<y,z<1/2
BA [0,u,-v
4 .m. v,z 2<1

BA+DT+B+U | | O.y-z:0<y.z<1l2
|[ZZ1R2R] 4 le [m. x.x,2: 0<x<1/2, -1/2<z<=1/2
Y (u,1/2,0 4 |f |.m. x,1/2,z: 0=z<x<1/2
T u,1/2,1/2 4 |f |.m. X,1/2,z: 0<x<z=1/2
F u,i2,v 4 |f |.m. x,1/2,z: 0<x,z<1/2
FA |u,1/2,-v

— 4 [f |.m. 12,z 0<x,z<1
FATY+F+T m X,1/2,-z: 0<x,z<1/2
|[AA1 R,R] 4 |f [m. x,1/2,z: 0<x<1/2, -1/2<z<=1/2
| X,y,2: -1/2<x<y<1/2,
GP |uyvw 8 9 =T
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